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A PRODUCT OF TENSOR PRODUCT L-FUNCTIONS
OF QUASI-SPLIT CLASSICAL GROUPS OF
HERMITIAN TYPE
DIHUA JIANG AND LEI ZHANG
Abstract. A family of global integrals representing a product of
tensor product (partial) L-functions:
LS(s, pi × τ1)LS(s, pi × τ2) · · ·LS(s, pi × τr)
are established in this paper, where pi is an irreducible cuspidal au-
tomorphic representation of a quasi-split classical group of Hermit-
ian type and τ1, · · · , τr are irreducible unitary cuspidal automor-
phic representations of GLa1 , · · · ,GLar , respectively. When r = 1
and the classical group is an orthogonal group, this was studied
by Ginzburg, Piatetski-Shapiro and Rallis in 1997 and when pi is
generic and τ1, · · · , τr are not isomorphic to each other, this is con-
sidered by Ginzburg, Rallis and Soudry in 2011. In this paper, we
prove that the global integrals are eulerian and finish the explicit
calculation of unramified local L-factors in general. The remaining
local and global theory for this family of global integrals will be
considered in our future work.
1. Introduction
Let F be a number field and E be a quadratic extension of F when we
discuss unitary groups and E be equal to F when we discuss orthogonal
groups. Let Gn be a quasi-split group, which is either Un,n, Un+1,n,
SO2n+1, or SO2n, defined over F . Let AE be the ring of adeles of E
and A be the ring of adeles of F . Take τ to be an irreducible generic
automorphic representation of ResE/F (GLa)(A) = GLa(AE) of isobaric
type, i.e.
(1.1) τ = τ1 ⊞ τ2 ⊞ · · ·⊞ τr
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where a =
∑r
i=1 ai is a partition of a and τi is an irreducible unitary cus-
pidal automorphic representation of GLai(AE). Let π be an irreducible
cuspidal automorphic representation of Gn(A). We consider a family of
global zeta integrals (see Section 3 for definition), which represent the
family of the tensor product (partial) L-functions LS(s, π × τ), which
is expressed as follows:
(1.2) LS(s, π × τ) = LS(s, π × τ1)LS(s, π × τ2) · · ·LS(s, π × τr).
It is often interesting and important in Number Theory and Arithmetic
to consider certain simultaneous behavior at a certain given point s =
s0. For instance, the nonvanishing at s =
1
2
, the center of the symmetry
of the L-functions LS(s, π × τ1), LS(s, π × τ2), · · · , LS(s, π × τr), or
particularly, taking τ1 = τ2 = · · · = τr, which yields the r-th power
LS(s, π× τ1)r for all positive integers r. As remarked at the end of this
paper, the arguments and the methods still work if one replaces the
single variable s by multi-variable (s1, · · · , sr). However, we focus on
the case of single variable s in this paper.
We use a family of the Bessel periods (discussed in Section 2) to
define the family of global zeta integrals, following closely the formu-
lation of Ginzburg, Piatetski-Shapiro and Rallis in [GPSR97], where
the case when r = 1 and Gn is an orthogonal group was considered.
When π is generic, i.e. has a nonzero Whittaker-Fourier coefficient,
and τ1, · · · , τr are not isomorphic to each other, this family of tensor
product L-functions were studied by Ginzburg, Rallis and Soudry in
their recent book [GRS11]. However, the global integrals studied in
[GRS11] are formulated in a different way and can not cover the gen-
eral situation considered in this paper, while the global zeta integrals
here are the most general version of this kind, the origin of which goes
back to the pioneer work of Piatetski-Shapiro and Rallis and of Gelbart
and Piatetski-Shapiro ([GPSR87]). Some more special cases were stud-
ied earlier by various authors and we refer to the relevant discussions
in [GPSR97] and [GRS11].
In addition to the potential application towards the simultaneous
nonvanishing of the central values of the tensor product L-functions,
the basic relation between the product of the tensor product (partial)
L-functions and the family of global zeta integrals is also an important
ingredient in the proof of the nonvanishing of the certain explicit con-
structions of endoscopy correspondences as indicated for some special
cases in the work of Ginzburg in [G08], and as generally formulated in
the work of the first name author in ([J11] and [J12]). We will come
back to this topic in our future work ([JZ13]).
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In general, the meromorphic continuation to the whole complex plane
of the product of the tensor product (partial) L-functions is known
from the work of R. Langlands on the explicit calculation of the con-
stant terms of Eisenstein series ([L71]). However, when π is not generic,
i.e. has no nonzero Whittaker-Fourier coefficients, the Langlands con-
jecture on the standard functional equation and the finite number of
poles for Re(s) ≥ 1
2
is still not known ([Sh10]).
According to the recent work of Arthur ([Ar12]) and also of C.-P.
Mok ([Mk12]), any irreducible cuspidal automorphic representation π
of Gn(A) has the Arthur-Langlands transfer πψ from Gn to the cor-
responding general linear group, which is compatible with the corre-
sponding local Langlands functorial transfers at all unramified local
places of π. Hence we have an identity for partial L-functions
LS(s, π × τ) = LS(s, πψ × τ).
The partial L-function on the right hand side is the Rankin-Selberg
convolution L-function for general linear groups studied by Jacquet,
Piatetski-Shapiro and Shalika ([JPSS83]). When π has a generic global
Arthur parameter, the Arthur-Langlands transfer from Gn to general
linear groups is compatible with the corresponding local Langlands
functorial transfer at all local places. Hence one may define the com-
plete tensor product L-function by
L(s, π × τ) := L(s, πψ × τ),
just as in ([Ar12] and [Mk12]).
However, when the global Arthur parameter ψ is not generic, there
exists irreducible cuspidal automorphic representation π with Arthur
parameter ψ, but there exists a ramified local place ν such that πν
and (πψ)ν are not related by the local Langlands functorial transfer at
ν. Hence it is impossible to define the local tensor product L-factors
(and also γ-factors and ǫ-factors) of the pair (πν , τν) in terms of those
of the pair ((πψ)ν , τν). Therefore, it is still an open problem to define
the local ramified L-factors (and also γ-factors and ǫ-factors) for an
irreducible cuspidal automorphic representation π of Gn(A) when π
has a non-generic global Arthur parameter. At this point, it seems that
the integral representation of Rankin-Selberg type for automorphic L-
functions is the only available method to attack this open problem.
For quasi-split classical groups of skew-Hermitian type, some pre-
liminary work has been done in [GJRS11], using Fourier-Jacobi peri-
ods. Further work is in progress, including the work of X. Shen in his
PhD thesis in University of Minnesota, 2013, which has produced two
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preprints [Sn12] and [Sn13]. A parallel theory for this case will also be
considered in future.
In Section 2, we introduce a family of Eisenstein series, which is
needed for the construction of the family of global zeta integrals, and
discuss the family of Bessel periods which are needed to formulate the
family of global zeta integrals. In Section 3, we unfold the global zeta
integrals and prove that they are eulerian. In Section 4, we do the
explicit calculations for local zeta integrals with unramified data to
produce the unramified local L-factors of the tensor product type, fol-
lowing the main arguments, which can be viewed as natural extension
of those used in [GPSR97]. The main global result is Theorem 4.12,
which is started at the end of Section 4. The ideas and methods used in
the proofs in this paper will be described with more details in each sec-
tion, which are essentially the extension of those used in [GPSR97] for
the orthogonal group Gn and with r = 1 to the generality considered
in this paper.
2. Certain Eisenstein series and Bessel periods
We introduce a family of Eisenstein series which will be used in the
definition of a family of global zeta integrals, representing the family
of the product of the tensor product L-functions as discussed in the
introduction. The global zeta integrals are basically a family of Bessel
periods of those Eisenstein series. We recall first the general notion
of the Bessel periods of automorphic forms from [GPSR97], [GJR09],
[BS09] and [GRS11].
Let F be an number field. Define E = F or E = F (
√
ρ), a quadratic
extension of F , depending on that the classical group we considered is
orthogonal or unitary, accordingly. It follows that the Galois group of
E/F is either trivial or generated by non-trivial automorphism x 7→ x¯.
The ring of adeles of F is denoted by A, while the ring of adeles of E
is denoted by AE.
Let V be a E-vector space of dimension m with a non-degenerate
quadratic form q
V
if E = F or a non-degenerate Hermitian form (also
denoted by q
V
) if E = F (
√
ρ). Let U(q
V
) be the connected component
of isometry group of (V, q
V
) defined over F . It follows that U(q
V
) is a
special orthogonal group or a unitary group. Let m˜ = Witt(V ) be the
Witt index of V . Let V + be a maximal totally isotropic subspace of V
and V − be its dual, so that V has the following polar decomposition
V = V + ⊕ V0 ⊕ V −,
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where V0 = (V
+ ⊕ V −)⊥ denotes the anisotropic kernel of V . We
choose a basis {e1, e2, . . . , em˜} of V + and a basis {e−1, e−2, . . . , e−m˜} of
V − such that q
V
(ei, e−j) = δi,j for all 1 ≤ i, j ≤ m˜.
We assume in this paper that the algebraic F -group U(q
V
) is F -
quasi-split. Then the anisotropic kernel V0 is at most two dimensional.
More precisely, when E = F , if dimE V = m is even, then dimE V0 is
either 0 or 2, and if dimE V = m is odd, then dimE V0 is 1; and when
E = F (
√
ρ), dimE V0 is 0 or 1 according to that dimE V = m is even
or odd.
When dimV0 = 2, we choose an orthogonal basis {e(1)0 , e(2)0 } of V0
with the property that
q
V0
(e
(1)
0 , e
(1)
0 ) = 1, qV0 (e
(2)
0 , e
(2)
0 ) = −c,
where c ∈ F× is not a square and q
V0
= q
V
|
V0
. When dimV0 = 1, we
choose an anisotropic basis vector e0 for V0. We put the basis in the
following order
(2.1) e1, e2, . . . , em˜, e
(1)
0 , e
(2)
0 , e−m˜, · · · , e−2, e−1
if dimE V0 = 2;
(2.2) e1, e2, . . . , em˜, e0, e−m˜, · · · , e−2, e−1
if dimE V0 = 1; and
(2.3) e1, e2, . . . , em˜, e−m˜, · · · , e−2, e−1
if dimE V0 = 0.
With the choice of the ordering of the basis vectors, the F -rational
points U(q
V
)(F ) of the algebraic group U(q
V
) are realized as an al-
gebraic subgroup of GLm(E). Define n = [
m
2
] and put Gn = U(qV ),
which is the same as given in the introduction. From now on, for any
F -algebraic subgroup H of Gn, the F -rational points H(F ) of H are
regarded as a subgroup of GLm(E). Similarly, the A-rational points
H(A) of H are regarded as a subgroup of GLm(AE).
The corresponding standard flag of V (with respect to the given
ordering of the basis vectors) defines an F -Borel subgroup B. We may
write B = TN with T a maximal F -torus, whose elements are diagonal
matrices, and with N the unipotent radical of B, whose elements are
upper-triangular matrices. Let T0 be the maximal F -split torus of Gn
contained in T . We define the root system Φ(T0, Gn) with the set of
positive roots Φ+(T0, Gn) corresponding to the Borel subgroup given
above.
Let V +ℓ be the totally isotropic subspace generated by {e1, e2, . . . , eℓ}
and Pℓ =MℓUℓ be a standard maximal parabolic subgroup ofGn, which
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stabilizes V +ℓ . The Levi subgroup Mℓ is isomorphic to GL(V
+
ℓ )×Gn−ℓ.
Here GL(V +ℓ ) = ResE/F (GLℓ) and Gn−ℓ = U(qWℓ ) with qWℓ = qV |Wℓ
and Wℓ = (V
+
ℓ ⊕ V −ℓ )⊥.
Let ℓ := [ℓ1ℓ2 . . . ℓp] be a partition of ℓ. Then Pℓ =MℓUℓ is a standard
parabolic subgroup of ResE/FGLℓ, whose Levi subgroup
Mℓ ∼= ResE/FGLℓ1 × ResE/FGLℓ2 × · · · × ResE/FGLℓp.
2.1. Bessel periods. Define Nℓ to be the unipotent subgroup of Gn
consisting of elements of following type,
(2.4) Nℓ =

n =

z y xIm−2ℓ y′
z∗

 ∈ Gn | z ∈ Zℓ

 ,
where Zℓ is the standard maximal (upper-triangular) unipotent sub-
group of ResE/FGLℓ. It is clear that Nℓ = U[1ℓ] where [1
ℓ] is the parti-
tion of ℓ with 1 repeated ℓ times.
Fix a nontrivial character ψ0 of F\AF and define a character ψ of
E\AE by
(2.5) ψ(x) :=
{
ψ0(x) if E = F ;
ψ0(
1
2
trE/F (
x√
ρ
) if E = F (
√
ρ).
Then take w0 to be an anisotropic vector in Wℓ and define a character
ψℓ,w0 of Nℓ by
(2.6) ψℓ,w0(n) := ψ(
ℓ−1∑
i=1
zi,i+1 + qWℓ (yℓ, w0)),
where yℓ is the last row of y in n ∈ Nℓ as defined in (2.4), which is
regarded as a vector in Wℓ.
If ℓ = m˜, ψℓ,w0 is a generic character on the maximal unipotent
group N = Nm˜. We will not consider this case here and hence we
always assume that ℓ < m˜ from now on.
For κ ∈ F×, we choose
(2.7) w0 = yκ = em˜ + (−1)m+1κ
2
e−m˜,
which implies that q(yκ, yκ) = (−1)m+1κ and that the corresponding
character is
(2.8)
ψℓ,κ(n) = ψℓ,w0(n) = ψ(
ℓ−1∑
i=1
zi,i+1 + yℓ,m˜−ℓ + (−1)m+1κ
2
yℓ,m−m˜−ℓ+1).
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The Levi subgroup M[1ℓ] = (ResE/FGL1)
×ℓ × Gn−ℓ normalizes the
unipotent subgroup Nℓ by the adjoint action, and acts on the set of the
characters ψℓ,κ, with κ ∈ F×, of Nℓ(F ). The M[1ℓ](F )-orbits are classi-
fied by the Witt Theorem and give all F -generic characters of Nℓ(F ).
The stabilizer of ψℓ,w0 in the Levi subgroup M[1ℓ] is the subgroup
(2.9) Lℓ,w0 =



Iℓ γ
Iℓ

 ∈ Gn | γJm−2ℓw0 = Jm−2ℓw0

 ∼= Hn−ℓ,
where Hn−ℓ is defined to be U(q
Wℓ∩w
⊥
0
) with q
Wℓ∩w
⊥
0
= q
V
|
Wℓ∩w
⊥
0
, and Jk
is the k × k matrix defined inductively by Jk =
(
1
Jk−1
)
and J1 = 1.
Define
(2.10) Rℓ,w0 := Hn−ℓNℓ = U(qWℓ∩w⊥0
)Nℓ.
Note that dimE V and dimE Wℓ∩w⊥0 have the different parity. If ℓ = 0,
the unipotent subgroup N0 is trivial and we have that
R0,w0 = U(qV ∩w⊥0
).
When taking w0 = yκ, we will use the notation ψℓ,yκ = ψℓ,κ, Lℓ,yκ = Lℓ,κ
and Rℓ,yκ = Rℓ,κ, respectively.
Let φ be an automorphic form on Gn(A). Define theBessel-Fourier
coefficient (or Gelfand-Graev model) of φ by
(2.11) Bψℓ,w0 (φ)(h) :=
∫
Nℓ(F )\Nℓ(A)
φ(nh)ψ−1ℓ,w0(n) dn.
This defines an automorphic function on the stabilizer Lℓ,w0(A) =
Hn−ℓ(A). Take a cuspidal automorphic form ϕ on Hn−ℓ(A) and de-
fine the (ψℓ,w0, ϕ)-Bessel period or simply Bessel period of φ by
(2.12) Pψℓ,w0 (φ, ϕ) :=
∫
Hn−ℓ(F )\Hn−ℓ(A)
Bψℓ,w0 (φ)(h)ϕ(h) dh.
We will apply this Bessel period to a family of Eisenstein series next.
2.2. Eisenstein series. We follow the notation of [MW95] to define
a family of Eisenstein series. Let Pj = MjUj be a standard maximal
parabolic F -subgroup of Gn with the Levi subgroup
Mj = ResE/F (GLj)×Gn−j,
for some j with 1 ≤ j ≤ m˜. When j = m˜, the group Gn−m˜ disappears,
if dimE V0 = 0, or dimE V0 = 1 and E = F . Following [MW95, Page 5],
the space XMj of all continuous homomorphisms from Mj(A) to C
×,
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which is trivial on Mj(A)
1, can be identified with C by the mapping
λs ↔ s, which is normalized as in [Sh10].
Let τ be an irreducible unitary generic automorphic representation
of GLj(AE) of the following isobaric type:
(2.13) τ = τ1 ⊞ τ2 ⊞ · · ·⊞ τr,
where j = [j1j2 · · · jr] is a partition of j and τi is an irreducible uni-
tary cuspidal automorphic representation of GLji(AE). Let σ be an
irreducible automorphic representation of Gn−j(A), which may not be
cuspidal. Note that σ is irrelevant if j = m˜ and the group Gn−m˜
disappears. Following the definition of automorphic forms in [MW95,
I.2.17], take an automorphic form
(2.14) φ = φτ⊗σ ∈ A(Uj(A)Mj(F )\Gn(A))τ⊗σ.
For λs ∈ XMj , the Eisenstein series associated to φ(g) is defined by
(2.15) E(φ, s)(g) = E(φτ⊗σ, λs)(g) =
∑
δ∈Pj(F )\Gn(F )
λsφ(δg).
It is absolutely convergent for Re(s) large and uniformly converges for
g over any compact subset of Gn(A), has meromorphic continuation to
s ∈ C and satisfies the standard functional equation.
Recall that Hn−ℓ is defined to be U(q
Wℓ∩w
⊥
0
) and that dimE V and
dimE Wℓ∩w⊥0 have the different parity. Let π be an irreducible cuspidal
automorphic representation of Hn−ℓ(A) and take a cuspidal automor-
phic form
(2.16) ϕ ∈ A0(Hn−ℓ(F )\Hn−ℓ(A))π.
The global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is defined to be the
following Bessel period
(2.17) Z(s, ϕπ, φτ⊗σ, ψℓ,w0) := Pψℓ,w0 (E(φτ⊗σ, s), ϕπ).
Because ϕπ is cuspidal, it is easy to see that the following holds.
Proposition 2.1. The global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0) con-
verges absolutely at any s ∈ C when the Eisenstein series E(φτ⊗σ, s)
has no pole at s and hence is holomorphic, and has possible poles at
the locations where the Eisenstein series has poles.
3. The eulerian property of the global integrals
We prove here that the global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0) will
be expressed as an eulerian product of local zeta integrals. When j =
n = [m
2
], such global zeta integrals with generic π have been studied in
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[GRS11, Chapter 10]. Hence we assume from now on that j < n and
also ℓ < m˜ ≤ n.
Recall from (2.17) that Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is the (ψℓ,w0, ϕπ)-Bessel
period of the Eisenstein series E(φτ⊗σ, λs)(g), which is given by
(3.1)
∫
Hn−ℓ(F )\Hn−ℓ(A)
Bψℓ,w0 (E(φτ⊗σ, s))(h)ϕπ(h) dh,
where the Bessel-Fourier coefficient Bψℓ,w0 (E(φτ⊗σ, s))(h) is given, as
in (2.11), by
(3.2) Bψℓ,w0 (E(φτ⊗σ, s))(h) :=
∫
Nℓ(F )\Nℓ(A)
E(φτ⊗σ, s)(nh)ψ−1ℓ,w0(n) dn.
We first calculate the Bessel-Fourier coefficient Bψℓ,w0 (E(φτ⊗σ, s)).
3.1. Calculation of Bessel-Fourier coefficients. In order to calcu-
late the Bessel-Fourier coefficient Bψℓ,w0 (E(φτ⊗σ, s)), i.e. the integral in
(3.2), we assume that the Re(s) is large, and unfold the Eisenstein se-
ries. This leads to consider the double cosets decomposition Pj\Gn/Pℓ,
whose set of representatives ǫα,β is explicitly given in [GRS11, Section
4.2]. In our situation, we put it into three cases for discussion.
Case (1): Gn is not the F -split even special orthogonal group. In
this case, the set of representatives ǫα,β of the double coset decom-
position Pj\Gn/Pℓ is in bijection with the set of pairs of nonnegative
integers
(3.3) {(α, β) | 0 ≤ α ≤ β ≤ j and j ≤ ℓ+ β − α ≤ m˜} .
Recall that m˜ is the Witt index of (V, q
V
) defining Gn.
Case (2-1): Gn is the F -split even special orthogonal group and
ℓ + β − α < m˜ = n. In this case, the set of representatives ǫα,β of
the double coset decomposition Pj\Gn/Pℓ is in bijection with the set
of pairs of nonnegative integers
(3.4) {(α, β) | 0 ≤ α ≤ β ≤ j and j ≤ ℓ+ β − α ≤ min{n− 1, m˜}} .
Case (2-2): Gn is the F -split even special orthogonal group and
ℓ+ β − α = n. In this case, there are two double cosets corresponding
to each pair (α, β), and hence we may choose representatives ǫα,β and
ǫ˜α,β = wqǫα,βwq of the two double cosets corresponding to such pairs
(α, β).
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In all cases, we denote by P
ǫα,β
ℓ := ǫ
−1
α,βPjǫα,β ∩ Pℓ the stabilizer in
Pℓ, whose elements have the following form as matrices in GLm(E):
(3.5) g
(α,β)
ℓ =


a x1 x2 y1 y2 y3 z1 z2 z3
0 b x3 0 y4 y5 0 z4 z
′
2
0 0 c 0 0 y6 0 0 z
′
1
d u v y′6 y
′
5 y
′
3
0 e u′ 0 y′4 y
′
2
0 0 d∗ 0 0 y′1
c∗ x′3 x
′
2
0 b∗ x′1
0 0 a∗


where the block sizes are determined by a, a∗ ∈ GLα, b, b∗ ∈ GLℓ−α−j+β,
c, c∗ ∈ GLj−β, d, d∗ ∈ GLβ−α, and e ∈ GLm−2(ℓ+β−α). In case i = 0,
GLi disappears.
The stabilizer in Pj consists of elements of the following form, which
are the indicated matrices conjugated by wtq:
(3.6) g
(α,β)
j = ǫα,βgǫ
−1
α,β =


a y1 z1 x1 y2 z2 x2 y3 z3
0 d y′6 0 u y
′
5 0 v y
′
3
0 0 c∗ 0 0 x′3 0 0 x
′
2
b y4 z4 x3 y5 z
′
2
0 e y′4 0 u
′ y′2
0 0 b∗ 0 0 x′1
c y6 z
′
1
0 d∗ y′1
0 0 a∗


wtq
with the block sizes as before and wtq being the t-th power of the el-
ement wq for t = j − β. Also, when (V, qV ) is Hermitian, wq = Im;
when E = F and (V, q
V
) is of odd dimension, wq = −Im; when
E = F and anisotropic kernel (V0, qV0 ) is of dimension two, take wq =
diag(Im˜, w
0
q , Im˜), where w
0
q = diag{1,−1}; and finally, when E = F and
the anisotropic kernel (V0, qV0 ) is a zero space, take wq = diag(Im˜−1, w
0
q , Im˜−1),
where w0q =
(
1
1
)
. Note that ℓ, j < n = [m
2
], where m = dimE V
and m˜ is the Witt index of V .
In Case (2-2), i.e. Gn is the F -split even special orthogonal group
and ℓ + β − α = m˜, we have two double cosets corresponding to each
pair (α, β). For the double coset Pjǫα,βPℓ, we get exactly the same
form for the stabilizer as above. For the other double coset Pj ǫ˜α,βPℓ,
the stabilizer in Pℓ consists of all elements of the form (g
(α,β)
ℓ )
wq .
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To continue the calculation, we consider further double cosets de-
composition P
ǫα,β
ℓ \Pℓ/Rℓ,w0. Recall that Hn−ℓ = U(qWℓ∩w⊥0 ), dimE V
and dimE Wℓ ∩ w⊥0 have the different parity, and Rℓ,w0 = Hn−ℓNℓ with
Hn−ℓ ∼= Lℓ,w0. By [GRS11, Section 5.1], we may choose a set of repre-
sentatives of form:
(3.7) ηǫ,γ :=

ǫ γ
ǫ∗


where ǫ is a representative in the quotient of Weyl groups
WGLα×GLℓ−α−t×GLt\WGLℓ
and γ is a representative P ′w\Gn−ℓ/Hn−ℓ, where P ′w is the maximal
parabolic subgroup of Gn−ℓ defined as follows.
In Case (1) or Case (2-1), i.e. when Gn is not the F -split even
special orthogonal group or when Gn is the F -split even special orthog-
onal group with ℓ + β − α < n, then P ′w is the parabolic subgroup of
Gn−ℓ, which preserves the standard β−α dimensional totally isotropic
subspace V +ℓ,β−α of Wℓ, where
(3.8) V ±ℓ,f = SpanE
{
e±(ℓ+1), . . . , e±(ℓ+f)
}
,
for a possible integer f .
In Case (2-2), i.e. when Gn is the F -split even special orthogonal
group with ℓ+β−α = n (with j, ℓ < n), then, when w = ǫα,β, P ′w is the
parabolic subgroup of Gn−ℓ, which preserves V +ℓ,m−ℓ; and when w = ǫ˜α,β,
P ′w is the parabolic subgroup of Gn−ℓ, which preserves wqV
+
ℓ,m−ℓ.
Denote the stabilizer in Hn−ℓ of the double coset P ′wγHn−ℓ with ηǫ,γ
as defined in (3.7) by
(3.9) H
ηǫ,γ
n−ℓ = H
γ
n−ℓ = Hn−ℓ ∩ γ−1P ′wγ = Lℓ,w0 ∩ γ−1P ′wγ.
With the above preparation, we are ready to calculate the Bessel-
Fourier coefficient Bψℓ,w0 (E(φτ⊗σ, λ))(h) by assuming that Re(s) is large
so that we are able to unfold the Eisenstein series.
Bψℓ,w0 (E(φ, s))(h)
=
∫
Nℓ(F )\Nℓ(A)
E(φ, s)(nh)ψ−1ℓ,w0(n) dn
=
∑
ǫα,β∈Ej,ℓ
∫
Nℓ(F )\Nℓ(A)
∑
δ∈P ǫα,βℓ (F )\Pℓ(F )
λφ(ǫα,βδnh)ψ
−1
ℓ,w0
(n) dn,
where Ej,ℓ is the set of representatives of Pj(F )\Gn(F )/Pℓ(F ). Set
Nα,β,ℓ,w0 to be the set of representatives of P ǫα,βℓ (F )\Pℓ(F )/Rℓ,w0(F )
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and deduce that the above is equal to∑
ǫα,β
∑
η∈Nα,β,ℓ,w0
∫
Nℓ(F )\Nℓ(A)
∑
δ∈Rη
ℓ,w0
(F )\Rℓ,w0 (F )
λφ(ǫα,βηδnh)ψ
−1
ℓ,w0
(n) dn.
Since Rℓ,w0 = Hn−ℓNℓ, by re-arranging the summation in δ and the
integration of dn, we obtain that the above is equal to∑
ǫα,β
∑
η
∑
δ∈Hη
n−ℓ
(F )\Hn−ℓ(F )
∫
Nηℓ (F )\Nℓ(A)
λφ(ǫα,βηδnh)ψ
−1
ℓ,w0
(n) dn.
By factoring the integration of dn, we obtain that when Re(s) is large,
the Bessel-Fourier coefficient Bψℓ,w0 (E(φτ⊗σ, s))(h) is equal to
(3.10)
∑
ǫα,β ;η;δ
∫
Nη
ℓ
(A)\Nℓ(A)
∫
Nη
ℓ
(F )\Nη
ℓ
(A)
λφ(ǫα,βηδunh)ψ
−1
ℓ,w0
(un) du dn.
In order to determine the summands in (3.10), we need the following
two lemmas, which are the global version of Propositions 5.1 and 5.2
in [GRS11, Chapter 5].
Lemma 3.1. If α > 0, then the inner integral in (3.10) has the fol-
lowing property:∫
Nη
ℓ
(F )\Nη
ℓ
(A)
λφ(ǫα,βηunh)ψ
−1
ℓ,w0
(un) du = 0
for all choices of data.
Proof. If there exists a simple root subgroup U of Zℓ such that ǫUǫ
−1
lies inside Uα,ℓ−α−t,t for some ǫ ∈ WGLα×GLℓ−α−t×GLt\WGLℓ , then the
subgroup ǫα,βηǫ,γU(ǫα,βηǫ,γ)
−1 lies inside Uj . Since the automorphic
function λφ is invariant on Uj(A) and ψℓ,w0 is not trivial on U(A),∫
U(F )\U(A)
λφ(ǫα,βηzunh)ψ
−1
ℓ,w0
(z) dz
= λφ(ǫα,βηunh) ·
∫
E\AE
ψ−1(x) dx
is identically zero.
If for each simple root subgroup U of GLℓ, ǫUǫ
−1 does not lie inside
Uα,ℓ−α−t,t, then according to [GRS11, Lemma 5.1], we choose, under
the action of the Weyl group of Mα,ℓ−α−t,t,
(3.11) ǫ =

 IαIℓ−α−t
It

 .
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Since α 6= 0 (ℓ < m˜), we choose a nontrivial subgroup S of Nℓ
consisting of elements of form

Iℓ−α
Iα y ∗
Im−2ℓ y′
Iα
Iℓ−α


where (y˜1 y˜2 y˜3) = (0r×(β−α) y2 y3)(wt
′
q γ)
−1, and y2 and y3 are of size
α× (m− 2(ℓ+ β − α)) and α× (β − α), respectively; and when Gn is
split, even orthogonal, ℓ+ β − α = n and the representative w = ǫwqα,β,
we have that t′ = 1, otherwise, we always have that t′ = 0. Since w0 is
anisotropic, w0 is not orthogonal to V0 ⊕ V −ℓ,β−α and ψℓ,w0 is not trivial
on S(A). By (3.6), we have (ǫα,βηǫ,γ)S(ǫα,βηǫ,γ)
−1 lies inside Uj and
then ∫
S(F )\S(A)
λφ(ǫα,βηxunh)ψ
−1
ℓ,w0
(x) dx
= λφ(ǫα,βηunh) ·
∫
S(F )\S(A)
ψ−1ℓ,w0(x) dx
is identically zero. This proves the lemma. 
By Lemma 3.1 and (3.10), when Re(s) is large, the Bessel-Fourier
coefficient Bψℓ,w0 (E(φτ⊗σ, λ))(h) is equal to
(3.12)
∑
ǫ0,β ;η;δ
∫
Nη
ℓ
(A)\Nℓ(A)
∫
Nη
ℓ
(F )\Nη
ℓ
(A)
λφ(ǫ0,βηδunh)ψ
−1
ℓ,w0
(un) du dn.
In particular, we may choose the ǫ in (3.11), which is part of the repre-
sentation ηǫ,γ in (3.7), to be of the form: ǫ =
(
Iℓ−t
It
)
. Note that ǫ
is one of the representatives ofWGLα×GLℓ−α−t×GLt\WGLℓ . The following
lemma will help us to eliminate more terms in (3.12).
Lemma 3.2. If β > max {j − ℓ, 0} and γw0 is not orthogonal to V −ℓ,β
for γ ∈ P ′w\Gn−ℓ/Hn−ℓ, then the inner integral in (3.12) has the prop-
erty: ∫
Nηℓ (F )\Nηℓ (A)
λφ(ǫ0,βηǫ,γunh)ψ
−1
ℓ,w0
(un) du = 0
for all choices of data.
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Proof. Consider the subgroup S of Nℓ consisting of elements of form

It
Iℓ−t y ∗
Im−2ℓ y′
Iℓ−t
Iβ

 ,
where y = (0(ℓ−t)×(m−2ℓ−β) y5)(wt
′
q γ)
−1 with t′ as defined before. and
y5 is of size (ℓ − t) × β. By ℓ − t = ℓ − j + β > 0 and β > 0, y5 is
not trivial. Since γw0 is not orthogonal to V
−
ℓ,β, ψℓ,w0 is not trivial on
S(AF ). By (3.6), φ is invariant on (ǫ0,βηǫ,γ)S(A)(ǫ0,βηǫ,γ)
−1. it follows
that as an inner integration, the following integral∫
S(F )\S(A)
λφ(ǫ0,βηǫ,γxunh)ψ
−1
ℓ,w0
(x) dx
= λφ(ǫ0,βηǫ,γunh) ·
∫
S(F )\S(A)
ψ−1ℓ,w0(x) dx
is identically zero. This finishes the proof. 
We summarize the above calculation as
Proposition 3.3. For Re(s) large, the Bessel-Fourier coefficient of the
Eisenstein series, Bψℓ,w0 (E(φτ⊗σ, λ))(h), is equal to∑
ǫβ
∑
η
∑
δ
∫
Nη
ℓ
(A)\Nℓ(A)
∫
Nη
ℓ
(F )\Nη
ℓ
(A)
λφ(ǫβηδunh)ψ
−1
ℓ,w0
(un) du dn,
where
• ǫβ = ǫ0,β ∈ Ej,ℓ, the set of representatives of all double cosets
in Pj(F )\Gn(F )/Pℓ(F ), with α = 0 and the properties that
if β > max {j − ℓ, 0}, then γw0 is orthogonal to V −ℓ,β for γ ∈
P ′w(F )\Gn−ℓ(F )/Hn−ℓ(F ); or otherwise, β = max {j − ℓ, 0};
• η = diag(ǫ, γ, ǫ∗) belongs to Nβ,ℓ,w0 with α = 0, the set of repre-
sentatives of P
ǫβ
ℓ (F )\Pℓ(F )/Rℓ,w0(F ) with ǫ =
(
Iℓ−t
It
)
and
t = j − β;
• δ belongs to Hηn−ℓ(F )\Hn−ℓ(F ).
We are going to apply the formula in Proposition 3.3 to the calcula-
tion of the global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0) and use the cuspi-
dality of ϕπ to prove that the global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0)
is eulerian.
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3.2. Global zeta integrals. By applying Proposition 3.3 to the global
zeta integral in (3.1), we get
Z(s, φτ⊗σ, ϕπ, ψℓ,w0)
(3.13)
=
∫
Hn−ℓ(F )\Hn−ℓ(A)
Bψℓ,w0 (E(φτ⊗σ, s))(h)ϕ(h) dh
=
∑
ǫβ ;η;δ
∫
[Hn−ℓ]
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)
∫
[Nη
ℓ
]
λφ(ǫβηδunh)ψ
−1
ℓ,κ(un) du dn dh
where [Hn−ℓ] := Hn−ℓ(F )\Hn−ℓ(A) and [Nηℓ ] := Nηℓ (F )\Nηℓ (A); and
the summations
∑
ǫβ ;η;δ
and other conditions for the representatives
are given in Proposition 3.3.
We combine the summation on δ and the integration dh and obtain
that Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is equal to
(3.14)∑
ǫβ ;η
∫
Hη
n−ℓ
(F )\Hn−ℓ(A)
ϕ(h)
∫
n
∫
[Nη
ℓ
]
λφ(ǫβηunh)ψ
−1
ℓ,κ(un) du dn dh,
where the integration
∫
n
is over Nηℓ (A)\Nℓ(A). The following lemma
is to make use of the cuspidality of ϕπ.
Lemma 3.4. Let α = 0 and γ be a representative in P ′w\Gn−ℓ/Hn−ℓ.
For a representative η = ηǫ,γ, if the stabilizer H
η
n−ℓ is a proper maximal
parabolic subgroup of Hn−ℓ, then the corresponding summand in (3.14)
has the property:∫
Hη
n−ℓ
(F )\Hn−ℓ(A)
ϕ(h)
∫
n
∫
[Nη
ℓ
]
λφ(ǫβηǫ,γunh)ψ
−1
ℓ,w0
(un) du dn dh = 0
for all choices of data.
Proof. Let Hηn−ℓ = M
′U ′, where U ′ is the unipotent radical of the
parabolic subgroup Hηn−ℓ of Hn−ℓ. Since φ is left-invariant with respect
to the image under the adjoint action by ǫ0,βηǫ,γ of the unipotent radical
U ′(A) of Hηn−ℓ(A), we deduce that∫
Hη
n−ℓ
(F )\Hn−ℓ(A)
ϕ(h)
∫
n
∫
[Nη
ℓ
]
λφ(ǫβηǫ,γunh)ψ
−1
ℓ,w0
(un) du dn dh
=
∫
h
∫
[U ′]
ϕ(u′h) du′
∫
n
∫
[Nηℓ ]
λφ(ǫβηǫ,γunh)ψ
−1
ℓ,w0
(un) du dn dh
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where
∫
h
is over M ′(F )U ′(A)\Hn−ℓ(A). By the cuspidality of π, we
have that ∫
U ′(F )\U ′(A)
ϕ(u′h) du′ = 0,
and hence the whole integral is zero. This proves the lemma. 
By Proposition 3.3, the representatives ǫβ have the restrictions that
either β = max{0, j−ℓ} or β > max{0, j−ℓ} with γw0 being orthogonal
to V −ℓ,β for γ ∈ P ′w(F )\Gn−ℓ(F )/Hn−ℓ(F ). Next, we discuss the double
cosets decomposition γ ∈ P ′w(F )\Gn−ℓ(F )/Hn−ℓ(F ).
Lemma 3.5 (Proposition 4.4, [GRS11]). Let X be a non-trivial totally
isotropic subspace of Wℓ and P be the maximal parabolic subgroup of
Gn−ℓ preserving X. Then
(1) If dimE X < Witt(Wℓ), then the set P\Gn−ℓ/Hn−ℓ consists of
two elements.
(2) Assume that Witt(w⊥0 ) = dimE X = Witt(Wℓ).
(a) If Gn−ℓ is unitary, then P\Gn−ℓ/Hn−ℓ consists of two ele-
ments.
(b) If Gn−ℓ is orthogonal and dimWℓ ≥ 2 dimX + 2, then
P\Gn−ℓ/Hn−ℓ consists of two elements.
(c) If Gn−ℓ is orthogonal and dimWℓ = 2dimX + 1, then
P\Gn−ℓ/Hn−ℓ consists of three elements.
(3) If dimE X = Witt(Wℓ) and Witt(w
⊥
0 ) = dimE X − 1, then
P\Gn−ℓ/Hn−ℓ consists of one element.
(4) If dimE Wℓ = 2dimE X, then Witt(w
⊥
0 ) = dimX − 1, and, in
particular, P\Gn−ℓ/Hn−ℓ consists of one element.
We consider the case when Gn−ℓ is not the F -split even orthogonal
group or the case when Gn−ℓ is the F -split even orthogonal group with
ℓ+ β < n. In these cases, we must have that dimX = β.
If ℓ + β < m˜, then P ′w\Gn−ℓ/Hn−ℓ consists of two elements. It
remains to consider that ℓ + β = m˜. If ℓ + β < n, we must have that
ℓ + β = m˜ < n and hence Gn−ℓ can not be the F -split even special
orthogonal group.
In this case ℓ + β = m˜ < n, if Gn−ℓ is an F -quasisplit even unitary
group, then Witt(Wℓ ∩ y⊥κ ) = Witt(Wℓ) − 1 and P ′w\Gn−ℓ/Hn−ℓ has
only one element; if Gn−ℓ is an odd special orthogonal group, then
#P ′w\Gn−ℓ/Hn−ℓ =
{
3, if Witt(w⊥0 ∩Wℓ) = m˜− ℓ,
1, if Witt(w⊥0 ∩Wℓ) = m˜− ℓ− 1;
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and if Gn−ℓ is an F -quasisplit even special orthogonal group (with
dimV0 = 2) or an F -quasisplit odd unitary group, then
#P ′w\Gn−ℓ/Hn−ℓ =
{
2, if Witt(w⊥0 ∩Wℓ) = m˜− ℓ,
1, if Witt(w⊥0 ∩Wℓ) = m˜− ℓ− 1.
It remains to consider the case when Gn−ℓ is an F -split even special
orthogonal group with ℓ+ β = n. In this case, P ′w\Gn−ℓ/Hn−ℓ consists
of two elements.
Then, we apply Lemmas 3.4 and 3.5 to find the nonvanishing sum-
mand in the summation (3.14).
For max{0, j − ℓ} ≤ β < m˜ − ℓ, P ′w\Gn−ℓ/Hn−ℓ consists of two
elements γ1 and γ2 such that γ1w0 is orthogonal to V
−
ℓ,β and γ2w0 is not
orthogonal to V −ℓ,β. If γw0 is orthogonal to V
−
ℓ,β, the stabilizer H
γ
n−ℓ =
Hηn−ℓ is a maximal parabolic subgroup of Hn−ℓ, which preserves the
isotropic subspace wtqV
+
ℓ,β ∩ w⊥0 .
In this case, by Lemmas 3.2 and 3.4, there may be left with nonzero
summands in the summation (3.14), which are with the representative
ǫβ for β = max{0, j − ℓ} and with the representative η = ηǫ,γ having
the property that γw0 is not orthogonal to V
−
ℓ,β.
For β = m˜ − ℓ, there are six different cases. Also, we have that
β = m˜− ℓ > max{0, j − ℓ}.
If Gn is the F -split even special orthogonal group, then there are two
(Pj, Pℓ)-double cosets corresponding to the pair (0, β) and the chosen
representatives are ǫ0,β and ǫ˜0,β. For these two cases, their stabilizer
preserves two maximal isotropic subspace of Wℓ with different orien-
tations, and P ′w\Gn−ℓ/Hn−ℓ consists of one element in both cases with
its stabilizer Hγn−ℓ = H
η
n−ℓ being a maximal parabolic subgroup. Hence
by Lemma 3.4, the corresponding summands are all zero.
If Gn is not the F -split even special orthogonal group and Witt(Wℓ∩
y⊥κ ) = Witt(Wℓ) − 1, there is only one double coset whose stabilizer
is a maximal parabolic subgroup of Hn−ℓ. Hence by Lemma 3.4, the
corresponding summand is zero.
If Witt(Wℓ ∩ y⊥κ ) = Witt(Wℓ) and Gn is the odd unitary group or
F -quasi-split even special orthogonal group, the stabilizers are similar
to the case β < m˜ − ℓ as discussed above. Hence by Lemmas 3.2 and
3.4, the corresponding summands are all zero.
If Gn is the odd special orthogonal group and Witt(Wℓ ∩ y⊥κ ) =
Witt(Wℓ)− 1, then P ′w\Gn−ℓ/Hn−ℓ consists of three elements and the
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representatives are chosen in [GRS11, (4.33)]. Two stabilizers are max-
imal parabolic subgroups of Hn−ℓ, and the third representative γ satis-
fies the property that γw0 is not orthogonal to V
−
ℓ,β. Hence by Lemmas
3.2 and 3.4, the corresponding summands are all zero.
By the discussions above, we deduce that the corresponding sum-
mands are all zero, because of Lemmas 3.2 and 3.4.
In conclusion, we are left with the case where β = max{0, j− ℓ} and
γ with the property that the corresponding stabilizer is not a proper
maximal parabolic subgroup of Hγn−ℓ, i.e. γw0 is not orthogonal to V
−
ℓ,β.
In this case, the representative η = ηǫ,γ is uniquely determined by
β = max{0, j−ℓ}. In fact, if j ≤ ℓ, then β = 0. It follows that η = ηǫ,γ
with γ = Im−2ℓ and
(3.15) ǫ =
(
Iℓ−j
Ij
)
;
and if j > ℓ, then β = j − ℓ. It implies that η = ηǫ,γ with ǫ = Iℓ and
(3.16) γ =


Ij−ℓ
Im˜−j
IV0
Im˜−j
Ij−ℓ

 .
Therefore, we are left with only one summand in the summation (3.14)
with the above representative, accordingly.
Next we are going to write the only integral more explicitly and get
ready to prove that it is eulerian in the next subsection.
If j ≤ ℓ, then β = 0. In this case we have that P ′w = Gn−ℓ and
Hγn−ℓ = Hn−ℓ with ǫ and γ given above. Then the global zeta integral
in (3.14) has the following expression:
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) =
∫
[Hn−ℓ]
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)∫
[Nηℓ ]
λφ(ǫ0,0ηunh)ψ
−1
ℓ,w0
(un) du dn dh.(3.17)
where [Hn−ℓ] := Hn−ℓ(F )\Hn−ℓ(A) and [Nηℓ ] := Nηℓ (F )\Nηℓ (A). The
stabilizers are, respectively, given by
(3.18) Rηℓ,w0 =


c 0 0 0 0
b y4 z4 0
e y′4 0
b∗ 0
c∗


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with c, c∗ being of size j × j, b, b∗ of size (ℓ− j)× (ℓ− j), and e of size
(m− 2ℓ)× (m− 2ℓ); and
(3.19) (ǫ0,0ηǫ,γ)R
η
ℓ,w0
(ǫ0,0ηǫ,γ)
−1 =


c∗ 0 0 0 0
b y4 z4 0
e y′4 0
b∗ 0
c


with c ∈ Zj and b ∈ Zℓ−j. (Zf is the maximal upper-triangular unipo-
tent subgroup of GLf .)
If j > ℓ, then β = j − ℓ. In this case, ǫ = Iℓ and γ is given in
(3.16). The double coset decomposition P ′w\Gn−ℓ/Hn−ℓ produces two
representatives which, as given in [GRS11, Section 4.4], are γ = Im−2ℓ
and the γ as given in (3.16).
For the representative γ = Im−2ℓ, the corresponding stabilizer H
γ
n−ℓ
is a proper maximal parabolic subgroup. Then, the corresponding in-
tegral in (3.14) is zero by Lemma 3.4.
Now for the γ as given in (3.16), we have that the global zeta integral
is expressed as
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) =
∫
Hη
n−ℓ
(F )\Hn−ℓ(A)
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)∫
[Nηℓ ]
λφ(ǫβηunh)ψ
−1
ℓ,w0
(un) du dn dh,(3.20)
where [Nηℓ ] = N
η
ℓ (F )\Nηℓ (A). The stabilizers are given, respectively,
(3.21) η−1ǫ,γR
η
ℓ,w0
ηǫ,γ =


c 0 0 y6 0
d u v y′6
e u′ 0
d∗ 0
c∗


with c, c∗ being of size ℓ× ℓ, d, d∗ of size (j − ℓ)× (j − ℓ), and e of size
(m− 2j)× (m− 2j); and
(3.22) (ǫ0,βηǫ,γ)R
η
ℓ,w0
(ǫ0,βηǫ,γ)
−1 =


d y′6 u 0 v
c∗ 0 0 0
e 0 u′
c y6
d∗


where c ∈ Zℓ.
We conclude this subsection with the following proposition which
summarizes the calculations discussed up to this point.
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Proposition 3.6. Take notation as given above. If j ≤ ℓ, then β = 0
and the global zeta integral has the following expression:
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) =
∫
[Hn−ℓ]
ϕ(h)
∫
Nηℓ (A)\Nℓ(A)∫
[Nη
ℓ
]
λφ(ǫ0,0ηunh)ψ
−1
ℓ,w0
(un) du dn dh,
where [Hn−ℓ] := Hn−ℓ(F )\Hn−ℓ(A) and [Nηℓ ] := Nηℓ (F )\Nηℓ (A); and
with η = ηǫ,γ given explicitly above. If j > ℓ, then β = j − ℓ and the
global zeta integral has the following expression:
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) =
∫
Hη
n−ℓ
(F )\Hn−ℓ(A)
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)∫
[Nηℓ ]
λφ(ǫ0,βηunh)ψ
−1
ℓ,w0
(un) du dn dh,
where [Nηℓ ] = N
η
ℓ (F )\Nηℓ (A); and with η = ηǫ,γ given explicitly above.
We are going to show that the global zeta integrals are eulerian based
on Proposition 3.6. This is done for the two cases, separately.
3.3. Eulerian products: 0 < ℓ < j case. In this case, we have that
β = j−ℓ. By Proposition 3.6, the global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0)
is equal to the following integral
(3.23)∫
Hηn−ℓ(F )\Hn−ℓ(A)
ϕ(h)
∫
Nηℓ (A)\Nℓ(A)
∫
[Nηℓ ]
λφ(ǫ0,βηunh)ψ
−1
ℓ,w0
(un) du dn dh,
where [Nηℓ ] = N
η
ℓ (F )\Nηℓ (A); and with η = ηǫ,γ given explicitly above.
First, we want to understand the Fourier coefficient of λφ:
(3.24)
∫
[Nη
ℓ
]
λφ(ǫ0,βηuh)ψ
−1
ℓ,w0
(u) du.
By conjugating the element ǫ0,βη across the variable u and changing
the variable by
(ǫ0,βη)u(ǫ0,βη)
−1 7→ zˆ′,
the Fourier coefficient in (3.24) reduces to
(3.25)
∫
[Z′
ℓ
]
λφ(zˆ′ǫ0,βηh)ψ−1ℓ,w0((ǫ0,βη)
−1zˆ′(ǫ0,βη)) dz′,
where Z ′ℓ = (ǫ0,βη)N
η
ℓ (ǫ0,βη)
−1, whose elements z′ are of form
(3.26) z′ =
(
Iβ y
z
)
∈ ResE/F (GLj)
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with z ∈ Zℓ, where g ∈ ResE/F (GLj) is identified with its embedding
gˆ = (g, Im−2j) into the Levi subgroup ResE/F (GLj) × Gn−j of Gn.
It follows from the choice of the representatives ǫ0,β and η that the
character has following expression:
(3.27) ψ−1ℓ,w0((ǫ0,βη)
−1zˆ′(ǫ0,βη)) = ψ(z1,2+ · · ·+zℓ−1,ℓ+(−1)m+1κ
2
yβ,1),
where z = (ze,f)ℓ×ℓ. If we write elements z′ of Z ′ℓ as z
′ = (z′e,f)j×j, then
this character can be written as
(3.28) ψZ′
ℓ
,κ(z
′) := ψ((−1)m+1κ
2
zβ,β+1 + zβ+1,β+2 + · · ·+ zj−1,j).
In this way, the Fourier coefficient in (3.25) can be written as
(3.29) φ
ψZ′
ℓ
,κ
λ (h) :=
∫
[Z′ℓ]
λφ(zˆ′h)ψZ′
ℓ
,κ(z
′) dz′.
Hence the global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0), which is expressed
as in (3.23), is equal to the following integral
(3.30)∫
Hη
n−ℓ
(F )\Hn−ℓ(A)
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)
φ
ψZ′
ℓ
,κ
λ (ǫ0,βηnh)ψ
−1
ℓ,w0
(n) dn dh,
with η = ηǫ,γ given explicitly above.
Next, we want to understand the structure of the subgroup Hηn−ℓ. By
(3.9), Hηn−ℓ = Hn−ℓ∩γ−1P ′wγ with η = ηǫ,γ, and P ′w = Gn−ℓ∩P ǫ0,βℓ is the
parabolic subgroup of Gn−ℓ, preserving the totally isotropic subspace
V +ℓ,β as in (3.8). Denote by
P
′η
w = P
′
w ∩ ηHn−ℓη−1 = P ′w ∩ γHn−ℓγ−1.
Then the elements of P
′η
w are of form:
(3.31)


Iℓ
d d1 u v1 v
1 0 0 v′1
e 0 u′
1 d′1
d∗
Iℓ


with d1 + (−1)m+1 κ2v1 = 0, where d1 and v1 are column vectors of size
β − 1; d, d∗ are of size (β− 1)× (β − 1); and e belongs to Gn−j. Hence
we have
(3.32) P
′η
w = (GL(V
+
ℓ,β−1)×Gn−j)⋊ Uη(V +ℓ,β−1),
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where Uη(V +ℓ,β−1) is the subgroup of U(V
+
ℓ,β−1) consisting elements which
fixes the vector γyκ. Here U(V
+
ℓ,β−1) is the unipotent radical of the
parabolic subgroup P (V +ℓ,β−1) of Gn−ℓ preserving the totally isotropic
subspace V +ℓ,β−1.
Let Qβ−1,η be the parabolic subgroup of Hn−ℓ, which preserves the
totally isotropic subspace (η−1V +ℓ,β) ∩ y⊥κ of Wℓ ∩ y⊥κ and has the Levi
decomposition
Qβ−1,η = Lβ−1,ηVβ−1,η.
Recall that the space Wℓ ∩ y⊥κ has the polar decomposition
Wℓ ∩ y⊥κ = V +ℓ,m˜−ℓ−1 ⊕W0 ⊕ V −ℓ,m˜−ℓ−1,
where W0 is a non-degenerate subspace of Wℓ ∩ y⊥κ with the same
anisotropic kernel as Wℓ∩y⊥κ and with dimE W0 = dimE V0+1 ≤ 3. In
particular, if w0 = yκ = em˜+(−1)m+1 κ2e−m˜, thenW0 = Span {y−κ}⊕V0,
otherwise, W0 has Witt index 1. Then it is easy to check that
(η−1V +ℓ,β) ∩ y⊥κ = Span {em˜−j+ℓ+1, . . . , em˜−1} = V +m˜−β,β−1,
and
Lβ−1,η = GL(V +m˜−β,β−1)×Hn−j+1,
where Hn−j+1 := U(q
Wj−1∩y
⊥
κ
) with
Wj−1 ∩ y⊥κ = V +ℓ,m˜−j ⊕W0 ⊕ V −ℓ,m˜−j .
It follows that
GL(V +m˜−β,β−1) = GL((η
−1V +ℓ,β) ∩ y⊥κ ) = η−1GL(V +ℓ,β−1)η ⊂ Hηn−ℓ,
and
Vβ−1,η = η−1Uη(V +ℓ,β−1)η ⊂ Hηn−ℓ.
It is easy to check that
η−1Wj = V +ℓ,m˜−j ⊕ V0 ⊕ V −ℓ,m˜−j = y⊥−κ ∩ (Wj−1 ∩ y⊥κ ).
Hence we have
U(q
η−1Wj
) = η−1U(q
Wj
)η = η−1Gn−jη ⊂ Hηn−ℓ.
Putting together all these subgroups, we obtain the structure of Hηn−ℓ:
(3.33) Hηn−ℓ = (GL(V
+
m˜−β,β−1)×U(qη−1Wj ))⋊ Vβ−1,η.
Finally, we are ready to consider partial Fourier expansion of the
cuspidal automorphic forms ϕπ on Hn−ℓ(A). Let Z
η
ℓ,β−1 be the maximal
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unipotent subgroup of GL(V +m˜−β,β−1) consisting of elements of following
type:
η−1


Iℓ
d
Im−2j+2
d∗
Iℓ

 η
with d ∈ Zβ−1. Then Nηℓ,β−1 = Zηℓ,β−1Vβ−1,η is a unipotent subgroup of
Hn−ℓ of the type as defined in (2.4) with the corresponding character
defined as in (2.6), but using y−κ. It is easy to check that the corre-
sponding stabilizer H
y−κ
n−j+1 is equal to U(qη−1Wj ), which is isomorphic
to Gn−j.
Define Cβ−1,η := Vβ−1,η ∩ Vβ,η, which is also equal to
{u ∈ Vβ−1,η | u · em˜ = em˜}
and is a normal subgroup of Hηn−ℓ. It follows that
Cβ−1,η\Hηn−ℓ ∼= P 1β ×Hy−κn−j+1,
where P 1β is the mirabolic subgroup of ResE/F (GLβ) given by
P 1β =
{(
d d1
0 1
)
∈ ResE/F (GLβ)
}
.
Going back to the expression (3.30) of Z(s, φτ⊗σ, ϕπ, ψℓ,w0), the inner
integral
(3.34) Φ(h) :=
∫
Nη
ℓ
(A)\Nℓ(A)
φ
ψZ′
ℓ
,κ
λ (ǫ0,βηnh)ψ
−1
ℓ,w0
(n) dn
as function in h, is left Cβ−1,η(A)-invariant. We recall that Nℓ consists
of elements of form

c x1 x2 x3 y6 x4 x5
Im˜−j x′4
Ij−ℓ y′6
Im−2m˜ x′3
Ij−ℓ x′2
Im˜−j x′1
c∗


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where c ∈ Zℓ and the stabilizer Nηℓ consists element of form


c 0 0 0 y6 0 0
Im˜−j 0
Ij−ℓ y′6
Im−2m˜ 0
Ij−ℓ 0
Im˜−j 0
c∗


.
Then Nηℓ \Nℓ is isomorphic to the subgroup consisting of elements of
form 

Iℓ x1 x2 0 x3
Ij−ℓ 0
Im−2j x′2
Ij−ℓ x′1
Iℓ


and ψℓ,κ is not trivial on x2. In details, ψℓ,κ|Nη
ℓ
\Nℓ = ψ((x2)ℓ,j−ℓ).
The stabilizer (ǫ0,βη)N
η
ℓ (ǫ0,βη)
−1 in Pj consists of elements of form

Ij−ℓ y′6
c∗
e
c y6
Ij−ℓ


The integral domain Nηℓ \Nℓ under adjoint action of ǫ0,βη is a subgroup
U−j,η of U
−
j (opposite of the unipotent radical Uj) consisting of elements
of form
(3.35)


Ij−ℓ
Iℓ
x′2 Im−2j
x1 x3 x2 Iℓ
x′1 Ij−ℓ

 .
Denote by ψ(j+1,j) the character over (ǫ0,βη)N
η
ℓ \Nℓ(ǫ0,βη)−1, given by
ψ(j+1,j)(n) = ψ(nj+1,j). Indeed, this character is associated to the
negative root of the simple root ej−ej+1 corresponding to the maximal
parabolic subgroup Pℓ.
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Recall that η−1Cβ−1,ηη consists of elements of form

Iℓ
Iβ−1 0 0 u 0
1 0 0 u′
Im−2j 0 0
1 0
Iβ−1
Iℓ


.
It follows that Nηℓ,β−1 = Z
η
ℓ,β−1Vβ−1,η = ZβCβ−1,η. As a subgroup of Pj,
the stabilizer (ǫ0,βη)N
η
ℓ,β−1(ǫ0,βη)
−1 consists of elements of form

d d1 0 u 0 v1 v
1 v′1
Iℓ 0
Im−2j u′
Iℓ 0
1 d′1
d∗


,
where d ∈ Zβ−1. Note that (ǫ0,βη)Zβ(ǫ0,βη)−1 consists of elements of
the above form with all matrices being zero except d and d1.
It follows that the expression in (3.30) of the global zeta integral
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is equal to
(3.36)
∫
Hηn−ℓ(F )Cβ−1,η(A)\Hn−ℓ(A)
Φ(h)
∫
[Cβ−1,η]
ϕπ(ch) dc dh,
where [Cβ−1,η] := Cβ−1,η(F )\Cβ−1,η(A), as before.
We denote the inner integration
∫
c
by
ϕ
Cβ−1,η
π (h) =
∫
[Cβ−1,η]
ϕπ(ch) dc.
The integral in (3.36) becomes
(3.37)
∫
Hη
n−ℓ
(F )Cβ−1,η(A)\Hn−ℓ(A)
Φ(h)ϕ
Cβ−1,η
π (h) dh.
Now we are in the standard step in the global unfolding process using
partial Fourier expansion along the mirabolic subgroup P 1β . Both func-
tions Φ(h) and ϕCβ−1,η(h) are automorphic on P 1β (A) and ϕ
Cβ−1,η(h)
is cuspidal because of the cuspidality of ϕπ(h). Following the stan-
dard Fourier expansion of cuspidal automorphic forms on general linear
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group ([S74] and [PS79], see also [JL12]), we have
(3.38)
ϕ
Cβ−1,η
π (h) =
∑
d∈Zβ−1(F )\GLβ−1(E)
Bψ−1β−1,y−κ (ϕπ)

η−1

Iℓ d
1


∧
ηh

 ,
which converges absolutely and uniformly in g varying in compact sub-
sets. Recall that the Bessel-Fourier coefficient with respect to ψβ−1,y−κ
is defined as in (2.11) by
Bψ−1β−1,y−κ (ϕπ)(h) =
∫
Nηℓ,β−1(F )\Nηℓ,β−1(A)
ϕπ(nh)ψβ−1,y−κ(n) dn.
By using (3.38), the expression (3.37) of Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is equal
to
(3.39)
∫
Zβ(F )H
y−κ
n−j+1(F )Cβ−1,η(A)\Hn−ℓ(A)
Φ(h)Bψ−1β−1,y−κ (ϕπ)(h) dh.
By pulling out the integration on Zβ(F )\Zβ(A) and using the fact that
Bψ−1β−1,y−κ (ϕπ)(h) is left (Zβ(A), ψ−1β−1,y−κ)-quasi-invariant, the integral
in (3.39) is equal to
(3.40)∫
H
y−κ
n−j+1(F )N
η
ℓ,β−1(A)\Hn−ℓ(A)
Bψ−1β−1,y−κ (ϕπ)(h)
∫
[Zβ]
Φ(zh)ψ−1β−1,y−κ(z) dz dh,
where Nηℓ,β−1 = ZβCβ−1,η is as before and [Zβ] := Zβ(F )\Zβ(A).
The inner integration
∫
[Zβ ]
Φ(zh)ψ−1β−1,y−κ(z) dz
can be calculated more explicitly. By (3.34), it is equal to
(3.41)
∫
[Zβ ]
∫
Nη
ℓ
(A)\Nℓ(A)
φ
ψZ′
ℓ
,κ
λ (ǫ0,βηnzh)ψ
−1
ℓ,w0
(n) dnψ−1β−1,y−κ(z) dz.
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The element (ǫ0,βη)z(ǫ0,βη)
−1 is given as above. Combining this sub-
group with Nηℓ , one obtains a subgroup (ǫ0,βη)N
η
ℓ Zβ(ǫ0,βη)
−1 of Pj con-
sisting of elements of form
(3.42)


d d1 (y
′
6)∗,∗
1 (y′6)β,∗
c∗
Im−2j
c (y6)∗,β (y6)∗,∗
1 d′1
d


.
Define
φZj ,κ(h) =
∫
[Zβ ]
φ
ψZ′
ℓ
,κ
λ (ǫ0,βηzh)ψ
−1
β−1,y−κ dz.
Then,
φZj ,κ(h) =
∫
[Zj ]
φλ(zh)ψZj ,κ dz,
where ψZj ,κ(z) is given by
(3.43) ψ(−z1,2−· · ·−zβ−1,β+(−1)m+1κ
2
zβ,β+1+zβ+1,β+2+ · · ·+zj−1,j)
with β = j − ℓ. Hence,∫
[Zβ ]
Φ(zh) dz =
∫
Nηℓ (A)\Nℓ(A)
φZj ,κ(ǫ0,βηnh)ψ
−1
ℓ,κ(n) dn
=
∫
U−j,η(A)
φZj ,κ(nǫ0,βηh)ψj+1,j(n) dn.
Denote the last integral by
Jℓ,κ(φZj,κ)(h) =
∫
U−j,η(A)
φZj ,κ(nh)ψj+1,j(n) dn.
Recall that the group U−g,η consists of elements of form (3.35).
Therefore, we obtain, from (3.36) and (3.37), that the global zeta
integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0) equals∫
Rηℓ,β−1(A)\Hn−ℓ(A)
∫
[Hηn−ℓ]
Bψ−1β−1,y−κ (ϕπ)(xh)Jℓ,κ(φZj,κ)(ǫ0,βηxh) dx dh,
where [Hηn−ℓ] := H
η
n−ℓ(F )\Hηn−ℓ(A).
Proposition 3.7 (Case (j > ℓ)). Let E(φτ⊗σ, s) be the Eisenstein se-
ries on Gn(A) as in (2.15) and π be an irreducible cuspidal automorphic
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representation of Hn−ℓ(A). The global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0)
as in (3.1) is equal to∫
Rηℓ,β−1(A)\Hn−ℓ(A)
∫
[Hηn−ℓ]
Bψ−1β−1,y−κ (ϕπ)(xh)Jℓ,κ(φZj,κ)(ǫ0,βηxh) dx dh
with [Hηn−ℓ] := H
η
n−ℓ(F )\Hηn−ℓ(A).
In order to show the integral expression for the global zeta integral
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) as in Proposition 3.7, it is enough to show that
the inner integral
(3.44)
∫
[Hηn−ℓ]
Bψ−1β−1,y−κ (ϕπ)(xh)Jℓ,κ(φZj,κ)(ǫ0,βηxh) dx
is an eulerian product. In fact, for a fixed h, as a function in x,
Jℓ,κ(φZj,κ)(ǫ0,βηxh) belongs to the space of automorphic representa-
tion σ of Gn−j(A). Hence, for a fixed h, this above inner integral is
essentially the standard Bessel period for the pair (π, σ) as defined
in (2.12). By the local uniqueness of the Bessel models ([AGRS10],
[SZ12], [JSZ11] and also [GGP12]), integral (3.44) can be written as an
eulerian product:
(3.45)
∏
ν
< Bψ
−1
β−1,y−κν
ν (ϕπ,v)(h),Jℓ,κν(φZj,κντ⊗σ,v)(ǫ0,βηh) >Gn−j .
Here the local pairing is a linear functional in the Hom-space
HomGn−j(Fν)(B
ψ−1
β−1,y−κν
ν (πν)⊗ σν ,C)
with Bψ
−1
β−1,y−κν
ν (πν) is the local Bessel functional of πν . The local
uniqueness of the Bessel models ([AGRS10], [SZ12], [JSZ11] and also
[GGP12]) asserts that the above Hom-space is at most one-dimensional.
One can normalize the local pairing suitable at unramified local places,
so that the eulerian product makes sense. Hence we obtain the follow-
ing theorem.
Theorem 3.8. Let E(φτ⊗σ, s) be the Eisenstein series on Gn(A) as
in (2.15) and let π be an irreducible cuspidal automorphic represen-
tation of Hn−ℓ(A). Assume that the real part of s, Re(s), is large;
and that π and σ have a non-zero Bessel period, i.e. Pψ−1β−1,y−κ (ϕπ, ϕσ)
is nonzero for a some choice of data. Then the global zeta integral
Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is eulerian, i.e. is equal to∏
v
∫
h
< Bψ
−1
β−1,y−κ
v (ϕπ,v)(h),Jℓ,κ(φZj,κτ⊗σ,v)(ǫ0,βηh) >Gn−j dh,
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where the integration is taken over Rηℓ,β−1(Fv)\Hn−ℓ(Fv), and the prod-
uct is taken over all local places.
The main local result of the paper is to calculate the unramified local
integral explicitly in terms of the local L-functions. For the purpose of
our investigation of the global tensor product L-functions L(s, π × τ),
it is enough to consider the case when j = ℓ + 1. We define the local
zeta integral Zv(s, φτ⊗σ, ϕπ, ψℓ,w0) to the local eulerian v-factor in the
product in Theorem 3.8, which is
(3.46)
∫
h
< Bψ
−1
β−1,y−κ
v (ϕπ,v)(h),Jℓ,κ(φZj,κτ⊗σ,v)(ǫ0,βηh) >Gn−j dh,
where the integration is taken over Rηℓ,β−1(Fv)\Hn−ℓ(Fv).
Theorem 3.9 (L-function for case j = ℓ + 1). With all data being
unramified, the local unramified zeta integral Zv(s, φτ⊗σ, ϕπ, ψℓ,w0) is
equal to the following product
r∏
i=1
L(s+ 1
2
, τi,v ⊗ πv)
L(s + 1, τi,v × σv)L(2si + 1, τi,v, Asai⊗ ξm)
×
∏
1≤i<j≤r
1
L(2s+ 1, τi,v × τj,v) 〈fπ, fσ〉Gn−j(Fν) ,(3.47)
where 〈fπ, fσ〉Gn−j(Fν) is independent with s.
This theorem will be proved in Section 4. It is also interesting to
understand the local zeta integrals when j > ℓ+1. We will come back
to this issue in our future consideration.
3.4. Eulerian product: j ≤ ℓ case. In this section, we consider
the case j ≤ ℓ < m˜. By Proposition 3.6, we only need to consider
the representative ǫ0,0 and ηǫ,Im−2ℓ, where ǫ is defined in (3.15). For
simplicity, we denote by η = ηǫ,Im−2ℓ .
By (3.18) and (3.19), we decompose Nηℓ as ZjNj,ℓ−j, where Zj is iden-
tified as a subgroup of Gn, which is the maximal unipotent subgroup
of GL(V +j ), and
Nj,ℓ−j =




Ij
bℓ−j y4 z4
Im−2ℓ y′4
b∗
Ij

 | b ∈ Zℓ−j


.
Note that Nj,ℓ−j is the unipotent subgroup of Gn−j as defined in (2.4)
and the character ψℓ,κ restricted on Nj,ℓ−j is the character ψℓ−j,κ of
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the subgroup Nℓ−j (of Gn−j) as defined in (2.6), which is denoted by
ψn−j,ℓ−j;κ.
Z(s, φτ⊗σ, ϕπ, ψℓ,w0)(3.48)
=
∫
[Hn−ℓ]
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)
∫
[Nη
ℓ
]
λφ(ǫ0,0ηunh)ψ
−1
ℓ,w0
(un) du dn dh.
where [Hn−ℓ] := Hn−ℓ(F )\Hn−ℓ(A) and [Nηℓ ] := Nηℓ (F )\Nηℓ (A). The
inner integral
(3.49)
∫
[Nηℓ ]
λφ(ǫ0,0ηunh)ψ
−1
ℓ,w0
(u) du
can be written as the following integral∫
[Nj,ℓ−j ]
∫
[Zj ]
λφ(ǫ0,0ηcunh)ψ
−1
ℓ,κ(cu) dc du.
Since τ is generic, we have a nonzero Whittaker function
φ
ψZj,κ
λ (h) =
∫
[Zj ]
λφ(zˆg)ψZj,κ(z) dz,
where ψZj ,κ is the restriction of ψℓ,κ on Zj. Hence the inner integral
(3.49) can be written as
(3.50)
∫
[Nηℓ ]
λφ(ǫ0,0ηunh)ψ
−1
ℓ,w0
(u) du = Bψ−1n−j,ℓ−j,κ(φψZj,κλ )(ǫ0,0ηnh),
where Bψ−1n−j,ℓ−j,κ is the Bessel period on the group Gn−j(A) with respect
to the subgroup Nj,ℓ−j and the character ψn−j,ℓ−j,κ.
Therefore, the global zeta integral has the expression:
Z(s, φτ⊗σ, ϕπ, ψℓ,w0)
=
∫
[Hn−ℓ]
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)
Bψ−1n−j,ℓ−j,κ(φψZj,κλ )(ǫ0,0ηnh)ψ−1ℓ,w0(n) dn dh
Proposition 3.10 (Case (j ≤ ℓ)). Let E(φτ⊗σ, s) be the Eisenstein se-
ries on Gn(A) as in (2.15) and π be an irreducible cuspidal automorphic
representation of Hn−ℓ(A). The global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0)
as in (3.1) is equal to∫
[Hn−ℓ]
ϕ(h)
∫
Nη
ℓ
(A)\Nℓ(A)
Bψ−1n−j,ℓ−j,κ(φψZj,κλ )(ǫ0,0ηnh)ψ−1ℓ,w0(n) dn dh.
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It remains to show that the global zeta integral in Proposition 3.10 is
eulerian. To this end, we need to to switch the order of the integrations∫
h
and
∫
n
in∫
[Hn−ℓ]
ϕ(h)
∫
Nηℓ (A)\Nℓ(A)
Bψ−1n−j,ℓ−j,κ(φψZj,κλ )(ǫ0,0ηnh)ψ−1ℓ,w0(n) dn dh.
This can be deduced from the following lemma.
Lemma 3.11. The automorphic function
Ψ(h) =
∫
Nη
ℓ
(A)\Nℓ(A)
Bψ−1n−j,ℓ−j,κ(φψZj,κλ )(ǫ0,0ηnh)ψ−1ℓ,w0(n) dn
is uniformly moderate growth on Hn−ℓ(A).
Proof. The proof is similar to the orthogonal case in Appendix 2 to §5
[GPSR97]. 
Since ϕπ is rapidly decay, the global zeta integral is equal to
(3.51)∫
Nη
ℓ
(A)\Nℓ(A)
∫
[Hn−ℓ]
ϕ(h)Bψ−1n−j,ℓ−j,κ(φψZj,κλ )(ǫ0,0ηnh)ψ−1ℓ,w0(n) dh dn.
Then the inner integral is an Hn−ℓ(A) invariant pairing between π and
Bψ−1n−j,ℓ−j,κ(σ). The local pairing is a linear functional in the Hom-space
HomGn−j(Fν)(πν ⊗ B
ψ−1β−1,y−κν
ν (σν),C)
with Bψ
−1
β−1,y−κν
ν (σν) is the local Bessel functional of σν . By the local
uniqueness of the Bessel models and a suitable normalization at un-
ramified local places, we can factorize (3.51) as follows∏
ν
〈
ϕν ∗ hν ,Bψ
−1
n−j,ℓ−j,κ
ν (φ
ψZj,κ
λ )(ǫ0,0ηnνhν)
〉
ν
.
Note that in this case, Nηℓ \Nℓ consists of elements of form

Ij x1 x2 x3 x4
Iℓ−j x′3
Im−2ℓ x′2
Iℓ−j x′1
Ij

 .
The restriction of ψℓ,κ on N
η
ℓ \Nℓ is ψ((x1)j,1). Under the adjoint action
of ǫ0,0η, the integral domain N
η
ℓ \Nℓ is also denoted by U−j,η, which is a
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subgroup of the opposite U−j , consisting of elements of form

Ij
x′3 Iℓ−j
x′2 Im−2ℓ
x′1 Iℓ−j
x4 x1 x2 x3 Ij


Therefore, the induced character on U−1j,ℓ is ψ
−1(nm−j,1).
We remark that in the family of global zeta integrals, we only use
the case when j = ℓ+1 to calculate the local unramified zeta integrals
to obtain the local L-functions as we needed. In all other cases, the
global zeta integrals are eulerian. The unramified calculation will be
taken up in our future consideration, and the potential applications to
our explicit constructions of endoscopy correspondences as discussed in
[J12] remain to be fully discussed.
4. Unramified calculation and local L-functions
In this section, we will calculate the local zeta integral for the case
j = ℓ + 1 as defined in Theorem 3.9 over the unramified places. The
quasi-split orthogonal group cases were done in [GPSR97]. In the fol-
lowing, we extend the idea and the method in [GPSR97] to the quasi-
split unitary group cases. It turns out that the argument in this case is
much more technically involved, due to the splitting of the unramified
local place of the number field F to the quadratic extension E.
To achieve the goal of this section, we reformulate the local zeta inte-
grals through the paring of Bessel models in Subsection 4.1, including
some general statements on the twisted Jacquet modules, which we
recall from [GRS11, Chapter 5]. In Subsection 4.2, we discuss unram-
ified representations considered in the local zeta integrals and their
Satake parameters, with which, we define unramified local L-functions
we need. In Subsection 4.3, we specify the local zeta integrals for un-
ramified data by considering the cases when the unramified local place
ν of F is split or not over E. By the Bernstein rationality, the un-
ramified local zeta integrals are expressed as a rational function with
respect to the parameters coming from the relevant representations.
This rational function is explicitly calculated in Subsections 4.4 and
4.5 and identified with the expected local L-functions. Hence we carry
out the complete proof of Theorem 3.9.
Throughout this section, denote by ν the local place of F . If ν is
inert, then Eν is the unramified quadratic extension of Fν . If ν splits
over E, then Eν ∼= Fν ×Fν . For the simplicity of notation, most of the
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time, we will omit the subscript ν from the corresponding notation.
For instance, we may use F for the local field Fν and use π for πν and
so on, when there are no confusions.
Let o be the ring of integers of F , and fix a prime element ̟ of
o. Let qF and qE be the cardinality of the residue fields of F and E,
respectively. If ν is inert, one has that qE = q
2
F , and if ν is split, one
has that qE = qF . We fix the normalized absolute values |x|F = |x|ν
for x ∈ F , and |x|E = |xx¯|F for x ∈ E if ν is inert.
When ν splits in E, we need to write down more explicit structures
of the unitary group Gn(F ), which are needed for the unramified cal-
culation of the local integrals. In this case, one may take that ρ = d2
or
√
ρ = d for some d ∈ F×, and hence has that E ∼= F × F . This
isomorphism is explicitly given by the following mapping: for x, y ∈ F ,
x⊗ 1 + y ⊗√ρ 7→ (x+ yd, x− yd).
When x ∈ E is taken to (x1, x2) ∈ F × F , the corresponding absolute
values are normalized so that |x|E = |x1x2|F . It follows that GLm(E) ∼=
GLm(F )×GLm(F ) given by
g1 ⊗ 1 + g2 ⊗√ρ 7→ (g1 + dg2, g1 − dg2).
Then the unitary group Gn(F ) consists of all elements g = g1 ⊗ 1 +
g2 ⊗√ρ ∈ GLm(E) satisfying
(g1 + dg2)Jm
t(g1 − dg2) = Jm.
The restriction of the above isomorphism to Gn(F ) gives the isomor-
phism: Gn(F ) ∼= GLm(F ), given explicitly by
(4.1) g1 ⊗ 1 + g2 ⊗√ρ 7→ (g1 + dg2, g1 − dg2) 7→ g1 + dg2.
Next, we explain the data in the unramified local integral as needed
for Theorem 3.9. We take a normalized parabolically induced repre-
sentation
Π(τ, σ, s) = Ind
Gn(F )
Pj(F )
(| det |sEτ ⊗ σ),
where τ and σ are irreducible admissible representations of GLj(E)
and Gn−j(F ), respectively. Let π be an irreducible admissible repre-
sentation of Hn−ℓ(F ). Recall that the unitary group Hn−ℓ is defined in
(2.9).
When ν splits in E, the induced representation Π(τ, σ, s) can be
made more specific. In this case, the representation τ can be expressed
as τ1⊗τ2, where τi are irreducible representations of GLj(F ). The rep-
resentation σ is an irreducible representation of GLm−2j(F ). The rep-
resentation Π(τ, σ, s) can be realized as the representation of GLm(F ),
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induced from the standard parabolic subgroup Pj,m−2j,j(F ) with the
following representation
g1 x yh z
g2

 7→ ∣∣∣∣det(g1)det(g2)
∣∣∣∣
s
τ1(g1)⊗ σ(h)⊗ τ2(g∗2),
where g1, g2 ∈ GLj(F ) and g∗2 = Jjtg−1J−1j .
4.1. Local zeta integrals and twisted Jacquet modules. We in-
troduce a local zeta integral in general at any local place, although only
a special case will contribute to the proof of Theorem 3.9.
Let Wj be a Whittaker model attached to a nonzero member in the
space
HomGLj(F )(τ, Ind
GLj(E)
Zj(E)
(ψZj ,κ)).
This produces a partial Whittaker function
Wj(f) ∈ IndGn(F )Zj(E)×Gn−j(F )⋉Uj(F )(ψZj ,κ ⊗ σ)
for f ∈ Π(τ, σ, s). As suggested by the global calculation in Section 3,
we can formally define (over the open cell) the following function
J (f)(g) :=
∫
Nη
ℓ
(F )\Uℓ(F )
Wj(f)(ǫ0,j−ℓηug)ψ−1(ℓ,κ)(u) du.
Following the exact argument in Appendix 2 to §5 [GPSR97], the inte-
gral defining J (f) is convergent for Re(s) sufficient large and is analytic
in s. In addition, J (f) is a function on Hn−ℓ(F ) belonging to the space
Ind
Hn−ℓ(F )
Rηℓ,β−1(F )
(ψ−1β−1,y−κ ⊗ σw
ℓ
q),
where σw
ℓ
q is a representation of Gn−j(F ) conjugated by wℓq.
Let Bβ−1 be a Bessel model attached to a non-trivial member in the
Hom-space
HomHn−ℓ(F )(π, Ind
Hn−ℓ(F )
Rη
ℓ,β−1(F )
(ψβ−1,y−κ ⊗ σ˜w
ℓ
q)),
where σ˜ is the dual of σ. Let 〈·, ·〉σ be an invariant pairing of σ and
σ˜. By the uniqueness of the local Bessel models ([AGRS10], [GGP12],
[SZ12] and [JSZ11]), Bβ−1 is unique up to a constant. We may define
a pairing
〈J (f),Bβ−1(v)〉 =
∫
Rηℓ,β−1,y−κ(F )\Hn−ℓ(F )
〈J (f)(h),Bβ−1(v)(h)〉σ dh.
Lemma 4.1. The pairing 〈J (f),Bβ−1(v)〉 is absolutely convergent for
suitable data τ and σ, and Re(s) sufficiently large.
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Proof. The proof is similar to Theorem A of Appendix (I) to §5 in
[GPSR97]. 
It is easy to check that this pairing, if exists, defines a linear func-
tional of the Gross-Prasad type in the Hom-space
(4.2) HomNℓ×H△n−ℓ(Π(τ, σ, s)⊗ π, ψℓ,κ).
Again, by the uniqueness of local Bessel functionals, the dimension of
this Hom-space is at most one, when Π(τ, σ, s) is irreducible. Therefore,
the local zeta integral is defined by
(4.3) Z(s, f, v, ψℓ,κ) = 〈J (f),Bβ−1(v)〉 ,
for f ∈ Π(τ, σ, s) and v ∈ π, which is proportional to the local zeta
integral defined as an eulerian factor of the the global zeta integral as
in Section 3. For the unramified data, we may normalize the pairing,
so that this proportional constant is one.
In order to proceed the explicit calculation of the local integrals,
we have to understand those Bessel models involved in the local zeta
integrals from the representation-theoretic point of view. This means
to see more precisely the structures of those twisted Jacquet models.
We recall relevant results from [GRS11, Chapter 5].
Let (Π, VΠ) be a smooth representation of Gn(F ). Let Jψℓ,κ(Π) be the
twisted Jacquet module of Π with respect to Nℓ(F ) and its character
ψℓ,κ, the space of which is defined by
(4.4) VΠ/Span {Π(n)v − ψℓ,κ(n)v | n ∈ Nℓ(F ), v ∈ VΠ} .
Note that Jψℓ,κ(Π) is a smooth representation of Hn−ℓ(F ). The same
definition may apply to the twisted Jacquet modules for different groups
throughout the section.
Next, we study the twisted Jacquet module Jψℓ,κ(Π) for the induced
representation Π = Π(τ, σ, s). To do so, we consider the structure of
the restriction of the induced representation Π to the standard par-
abolic subgroup Pℓ, which is denoted by ResPℓ(Π). This reduces to
consider the generalized Bruhat decomposition Pj\Gn/Pℓ, which was
discussed in Section 3. Hence, as a representation of Pℓ, ResPℓ(Π) can
be expressed (up to semi-simplification) as a finite direct sum Πǫα,β pa-
rameterized by the set of representatives {ǫα,β} as discussed in Section
3.1.
Let τ (t) denote the t-th Bernstein-Zelevinski derivative of τ along the
subgroup Z ′t defined in (3.26) with the character
ψ′t
(
Iβ y
0 z
)
= ψ−1(z1,2 + z2,3 + · · ·+ zt−1,t).
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We embed GLβ into GLj through the map g ∈ GLβ 7→ diag(g, It) ∈
GLj . The image, which is still denoted by GLβ, normalizes the charac-
ter ψ′t. Hence τ
(t) is the representation of GLβ via the twisted Jacquet
module Jψ′t(τ). We also define the following character of Z
′
t,
ψ′′t
(
Iβ y
0 z
)
= ψ−1(z1,2 + z2,3 + · · ·+ zt−1,t + yβ,1),
which is conjugate to the character ψZ′
ℓ
,κ as defined in (3.28) for any
nonzero κ, by an element in the subgroup GLβ . Denote the corre-
sponding Jacquet module Jψ′′t (τ) by τ(t), which is a representation of
the mirabolic subgroup of GLβ.
Recall that P ′β = H
ηǫ,Im−2ℓ
n−ℓ is as defined in (3.9). By the discussion
in Page 11, when ℓ + β < m˜, P ′β is a maximal parabolic subgroup of
Hn−ℓ. For the proof of Theorem 3.9, which only concerns the case of
j = ℓ + 1, we may assume that ℓ < j in the following discussion. Put
P ′′j−ℓ = H
ηǫ,γ
n−ℓ for γ as defined in (3.16). Note that P
′
wγHn−ℓ is the open
double coset discussed in Page 18, and P ′′j−ℓ is not a proper maximal
parabolic subgroup. Although we only need in this paper the case when
ℓ < j, we recall from [GRS11] the following general result.
Proposition 4.2 ([GRS11, Theorem 5.1]). Assume that 0 ≤ ℓ < m˜
and 1 ≤ j < m. If ν is inert, then, up to semi-simplification, the
following isomorphism holds
Jψℓ,κ(Ind
Gn
Pj
(τ ⊗ σ)) ≡ Υ1 ⊕Υ2 ⊕Υ3
where
Υ1 = ⊕j−ℓ≤β<m˜−ℓ
0≤β≤j
ind
Hn−ℓ
P ′
β
(| det |
1−t
2
E τ
(t) ⊗ Jψ′
ℓ−t,κ
(σw
t
q)),
Υ2 =
{
ind
Hn−ℓ
P ′′
j−ℓ
(| det |−
ℓ
2
E τ(ℓ) ⊗ σw
ℓ
q), ℓ < j,
0, ℓ 6< j,
and Υ3 is the representation of Hn−ℓ supported on the other double
cosets.
We note that the detail of Υ3 is not needed in the explicit unramified
calculation and is referred to [GRS11, Theorem 5.1].
If ν is split, let ℓ = [ℓ1, ℓ2, ℓ3] be a partition of a positive integerN and
consider the twisted Jacquet module Jψ˜(Ind
GLN
Pj ,N−jτ1 × τ2) in [GRS11,
Section 3.6]. In order to simplify our calculation, up to a suitable con-
jugation, we will use the Gelfand-Grave character defined in [GRS11,
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Section 3.6]. Let Nℓ consist of elements of form
n =

z(1) y(1) xIm−2ℓ y(2)
z(2)

 ∈ GLm(F ),
where z(1), z(2) ∈ Zℓ(F ). We will take the character ψℓ,κ to be the
following character
ψ˜(n) = ψ(
ℓ−1∑
i=1
(z
(1)
i,i+1 + z
(2)
i,i+1) + y
(1)
ℓ,1 + y
(2)
1,1).
The stabilizer of the character ψ˜(n) inside Gn−ℓ(Eν) ∼= GLm−2ℓ(F ) is
L˜ℓ =
{
diag {Iℓ, γ, Iℓ} ∈ GLm(F ) | γ =
(
1
g
)
, g ∈ GLm−2ℓ−1(F )
}
.
Define
τ
[ℓ1−α]
2 := [(τ
∗
2 )
ℓ1−α]∗ and (τ2)[ℓ1] := [(τ
∗
2 )(ℓ1)]
∗.
which are representations of GLℓ2−β+α(F ) and the mirabolic subgroup
of GLN−j−ℓ1(F ), respectively, where the inner ∗ denotes composition
with the map
g → J ′ℓ1−αtg−1J ′−1ℓ1−α,
where J ′ℓ1−α = diag(Jℓ1−α, Jℓ2−β+α), and the outer ∗ denotes composi-
tion with the map
g → Jℓ2−β+α · tg−1J−1ℓ2−β+α.
More information about τ
[ℓ1−α]
2 and (τ2)[ℓ1] can be found in [GRS11,
Pages 113 and 115].
Proposition 4.3 ([GRS11, Theorem 5.7]). Up to semi-simplification,
the following isomorphism holds
Jψ˜(Ind
GLN (F )
Pj,N−j
τ1 × τ2) ≡ L1 ⊕L2 ⊕L3 ⊕L4 ⊕L5
where L1 is given by the following direct sum
⊕j−ℓ3<β<ℓ2
0≤β≤j
Ind
GLℓ2−1
Pβ,ℓ2−β−1
(| · | 1−(j−β)+ℓ3−ℓ12 τ (j−β)1 )⊗| · |
j−β
2 Jψ(ℓ1,ℓ2−β,ℓ3−j+β)(τ2);
L2 is given by the following direct sum
⊕ 0<r<j−ℓ3
j−ℓ2−ℓ3≤r≤ℓ1
Ind
GLℓ2−1
Pjℓ3−r−1,ℓ2+ℓ3−j+r
(|·|− ℓ1−r2 Jψ(r,j−ℓ3−r,ℓ3)(τ1))⊗|·|
ℓ3−r−1
2 τ
[ℓ1−r]
2 ;
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L3 is given by the following representation

Ind
GLℓ2−1
Pj−ℓ3−1,ℓ2+ℓ3−j
(| · |− ℓ12 (τ1)(ℓ3))⊗ | · |
ℓ3−1
2 τ
[ℓ1]
2 , if 0 < j − ℓ3 ≤ ℓ2,
τ
(j)
1 ⊗ | det |−
ℓ3
2 τ2[ℓ1], if ℓ3 = j,
0, otherwise;
L4 is given by the following representation{
Ind
GLℓ2−1
Pj−ℓ3,ℓ2+ℓ3−j−1
(| · | 1−ℓ12 (τ1)(ℓ3))⊗ | · |
ℓ3
2 τ2[ℓ1], if 0 < j − ℓ3 < ℓ2,
0, otherwise;
and L5 is given by the following representation{
ind
GLℓ2−1
P ′
j−ℓ3−1,1,ℓ2+ℓ3−j−1
(| · |− ℓ12 (τ1)(ℓ3))⊗ | · |
ℓ3
2 τ2[ℓ1], if 0 < j − ℓ3 < ℓ2
0, otherwise.
The other notation in this proposition is referred to [GRS11, Section
5.2]. We are going to apply the case of ℓ = [ℓ,m−2j, ℓ] to the unramified
calculation.
4.2. Unramified representations and local L-functions of uni-
tary groups. Let BH = THNH be a Borel subgroup of Hn−ℓ with the
maximal F -torus TH and the unipotent radical NH . Let KG = Gn(oF )
(resp. KH = Hn−ℓ(oF )) be the standard maximal open compact sub-
group of Gn (resp. Hn−ℓ). Denote by W (Gn) = N(T )/T the Weyl
group of Gn. When ν is inert over E, W (Gn) is the Weyl group asso-
ciated to a root system of type B. When ν is split over E, W (Gn) is
the Weyl group associated to a root system of type A.
From now on, we assume that the representations τ , σ, and π are
unramified. Let χτ and χσ be the unramified characters corresponding
to the spherical representations τ and σ. Then χτ = ⊗ji=1χi and χσ =
⊗m˜i=j+1χi. Define χs := | · |sχτ ⊗χσ. Let Πs := Π(χs) and π := π(µ) be
the unramified constituents of the normalized induced representations
Ind
Gn(F )
Pj(F )
(| det |sτ ⊗ σ) and IndHn−ℓ(F )BH (F ) (µ),
respectively.
If ν is inert over E, χi and µi are unramified characters of E
× =
F (
√
ρ)×.
If ν is split over E, Hn−ℓ(F ) ∼= GLm−2ℓ−1(F ) and µi splits into a
product θiϑi of two unramified characters of F
×. Moreover, ifm−2ℓ−1
is odd, µ splits as ⊗(m−2ℓ−2)/2i=1 θi⊗ϑi⊗µ0. Here µ0 is also an unramified
character of F×. In particular, π(µ) is the unramified constituent of
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the following induced representation
Ind
Hn−ℓ(F )
BH
((⊗m˜Hi=1θi)⊗ (⊗m˜Hi=1ϑ−1m˜H+1−i))
if m is odd, and of the following induced representation
Ind
Hn−ℓ(F )
BH
((⊗m˜Hi=1θi)⊗ µ0 ⊗ (⊗m˜Hi=1ϑ−1m˜H+1−i))
if m is even, where m˜H is the Witt index of the hermitian vector sub-
space (Wℓ ∩ w⊥0 , qWℓ∩w⊥0 ), which defines Hn−ℓ. Since E ∼= F × F , we
must have
GLj(E) ∼= GLj(F )×GLj(F )
and χτ splits as a product ΞτΘτ of unramified characters with
Ξτ = ⊗ji=1Ξi,
Θτ = ⊗ji=1Θi.
The representation τ is the unramified constituent of the induced rep-
resentation
Ind
GLj(F )
BGLj (F )
(| det |sΘτ )⊗ IndGLj(F )BGLj (F )(| det |
−sΞ−1τ ).
Also, if we set χi = | · |sΘi and χm+1−i = | · |−sΞ−1i for 1 ≤ i ≤ j,
then the representation Π(χs) of Gn(F ) becomes the corresponding
representation of GLm(F ).
In the following, we write down the Satake parameters for the unram-
ified representations discussed above and write the relevant unramified
local L-functions, following the arguments in [BS09] or [KK11] for in-
stance.
The Langlands dual group LUm of Um is GLm(C)⋊ Γ(E/F ), where
Γ(E/F ) is the Galois group on E and the nontrivial element ι acts on
GLm(C) via ι(g) = Jm
tg−1J−1m . A 2m-dimensional complex represen-
tation ρ2m of the Langlands dual group
LUm is given by
(g; 1) 7→
(
g 0
0 g∗
)
and (Im; ι) 7→
(
0 Im
Im 0
)
,
for any g ∈ GLm(C). The Langlands dual group LResE/FGLj of
ResE/FGLj is (GLj(C) × GLj(C)) ⋊ Γ(E/F ). The element ι acts on
GLj(C)×GLj(C) by ι(g1, g2) = (g2, g1). Considering a j2 dimensional
representation of LResE/FGLj , which is realized in the space of all j×j
matrices, Mj×j , by
(g1, g2; 1)(x) 7→ g1 · x · tg2,
(Ij , Ij; ι)(x) 7→ tx,
and is called the Asai representation of LResE/FGLj.
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In addition, the Langlands dual group L(Um × ResE/FGLj) is
(GLm(C)×GLj(C)×GLj(C))⋊ Γ(E/F ).
The element ι acts on it by ι(g, g1, g2) = (g
∗, g2, g1). A 2mj-dimensional
complex representation ρ2mj of
L(Um × ResE/FGLj) is given by
(g, g1, g2, 1) 7→
(
g ⊗ g1 0
0 g∗ ⊗ g2
)
,
(Im, Ij, Ij, ι) 7→
(
0 Imj
Imj 0
)
,
where g ⊗ gi is the Kronecker product.
We first consider the irreducible unramified representation π(µ) of
Hn−ℓ(F ). When ν is inert over E, the Satake parameter of π(µ) is the
semi-simple conjugacy class in LHn−ℓ of type
c(π(µ)) = (diag(µ1(̟E), µ2(̟E), . . . , µm˜H (̟E), 1, . . . , 1); ι),
where ̟E is the ν-uniformizer of E. To simplify the notation, we may
use µi for µi(̟E) in the following, if it does not cause any confusion.
When ν is split over E, the Satake parameter of π(µ) is the semi-
simple conjugacy class in LHn−ℓ of type
c(π(µ)) = (diag(θ1(̟), · · · , θm˜H (̟), ϑ−11 (̟), . . . ϑ−1m˜H (̟)); 1)
if m is odd, and of type
c(π(µ)) = (diag(θ1(̟), · · · , θm˜H (̟), µ0(̟), ϑ−11 (̟), . . . ϑ−1m˜H (̟)); 1)
if m is even, where ̟ is the ν-uniformizer of F .
Next, we consider the irreducible unramified representation τ(χτ )
of ResE/F (GLj)(F ), where χτ = ⊗ji=1χi. When ν is inert over E,
the Satake parameter of τ(χτ ) is the semi-simple conjugacy class in
LResE/F (GLj) of type
c(τ(χτ )) = (diag(χ1(̟E), χ2(̟E), . . . , χj(̟E)), Ij; ι).
Again, we use χi for χi(̟E) if it does not cause any confusion.
When ν is split over E, the Satake parameter of τ(χτ ) is the semi-
simple conjugacy class in LResE/F (GLj) of type
c(τ(χτ )) = (diag(Θ1, . . . ,Θj), diag(Ξ1, . . . ,Ξj); 1),
where Θi is used for Θi(̟) and Ξi is used for Ξi,ν(̟), to simplify the
notation.
Therefore, if ν is inert over E and E is the unramified quadratic
field extension of F , the unramified tensor product local L-function
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L(s, π × τ) is defined to be
(4.5)
∏
1≤i≤j
1≤i′≤m˜H
(1− χiµi′q−2sF )−1(1− χiµ−1i′ q−2sF )−1
∏
1≤k≤n
(1− χkq−2sF )−1,
if m is even; and to be
(4.6)
∏
1≤i≤j
1≤i′≤m˜H
(1− χiµi′q−2sF )−1(1− χiµ−1i′ q−2sF )−1,
if m is odd. When ν is split over E, the unramified tensor product
local L-function L(s, π × τ) is defined to be
(4.7) L(s, π × τ) = L(s, π × τ1)L(s, π˜ × τ2),
where τ1 and τ2 are defined according to Θ1, · · · ,Θj and Ξ1, · · · ,Ξj,
respectively.
Moreover, the unramified local Asai L-function of τ is defined as,
when ν is inert,
(4.8) L(s, τ, Asai) =
∏
1≤i1<i2≤j
(1− µi1µi2q−2sF )−1
∏
1≤i≤j
(1− µiq−sF )−1;
and when ν is split
(4.9) L(s, τ, Asai) = L(s, τ1 × τ2) =
∏
1≤i,k≤j
(1−ΘiΞkq−sF )−1.
In the same way we define the unramified tensor product local L-
function L(s, σ × τ).
4.3. Unramified local zeta integrals. Let fχs and fµ be the spher-
ical functions in Π(χs) and π(µ), normalized by fχ(eG) = fµ(eH) = 1.
Denote by fτ and fσ the unramified function in τ and σ accordingly.
We are going to calculate explicitly the unramified local zeta integral
Zν(s, fχs, fµ, ψℓ,κ).
By Bernstein rationality theorem ([GPSR87] and see also [Bn98]),
Zν(s, fχs, fµ, ψℓ,κ) is a rational function of the parameters χs and µ.
Thus, we can assume that
(4.10) Zν(s, fχs, fµ, ψℓ,κ) =
P (χs, µ)
Q(χs, µ)
,
where P (χs, µ) and Q(χs, µ) are polynomials of variables in χi, µi and
q−sE . We are going to calculate the polynomials P (χs, µ) and Q(χs, µ)
explicitly in the following two subsections.
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4.4. Calculation of Q(χs, µ). For a technical reason, which will be
mentioned in the argument below, we assume that j = ℓ + 1. This
is enough to produce the unramified local L-functions as needed. The
method used here is an extension of that in [GPSR97] to the unitary
group case. The idea to calculate Q(χs, µ) is to find a proper Hecke
algebra element Φ0 in the extended spherical Hecke algebra of Hn−ℓ as
defined below, so that for any section fχs in the unramified induced
representation
Ind
Gn(F )
Pj(F )
(| det |sτ ⊗ σ),
the convolution J (fχs ∗ Φ0) is supported in the Zariski open orbit,
which will be specified below and has the property that
Zν(s, fχs ∗ Φ0, fµ, ψℓ,κ) = Q(χs, µ) · Zν(s, fχs, fµ, ψℓ,κ).
Since J (fχs ∗Φ0) is supported in the Zariski open orbit, the local zeta
integral Zν(s, fχs ∗ Φ0, fµ, ψℓ,κ) is entire in s and hence is expected to
be P (χs, µ) essentially.
Let H(Hn−ℓ, KH) be the spherical Hecke algebra with convolution
◦ of all KH-bi-invariant (smooth) functions with compact supports on
Hn−ℓ. Let Xi for all 1 ≤ i ≤ m˜H be generators of the Hecke algebra
H(Hn−ℓ, KH). By the Satake isomorphism, if ν is inert over E and E
is the unramified quadratic field extension of F , the Hecke algebra can
be realized as follows:
H(Hn−ℓ, KH) ≃ C
[
X1, X
−1
1 , . . . , Xm˜H , X
−1
m˜H
]W (Hn−ℓ) ;
and if ν is split over E, the Hecke algebra can be realized as follows:
H(Hn−ℓ, KH) ≃ C
[
X±11 , X
±1
2 , . . . , X
±1
m−2ℓ−1
]Sm−2ℓ−1 .
Here Sm−2ℓ−1 is the symmetric group on the sets {X1, . . . , Xm−2ℓ−1}
and
{
X−11 , . . . , X
−1
m−2ℓ−1
}
.
Define an extended Hecke algebra as in [GPSR97]:
AHn−ℓ := C
[
X,X−1
]⊗H(Hn−ℓ, KH).
Let Π(χs) be the unramified representation of Gn(F ) as defined in §4.2.
We consider the subspace of all KH-invariant vectors
J∗ψℓ,κ(χs) := (Jψℓ,κ(χs))
KH
of the twisted Jacquet module Jψℓ,κ(χs) := Jψℓ,κ(Π(χs)). Although it is
naturally a module of the Hecke algebra H(Hn−ℓ, KH), we may extend
it to be a module of the extended Hecke algebra AHn−ℓ as follows: for
φ ∈ J∗ψℓ,κ(χs) and X ⊗ Φ ∈ AHn−ℓ ,
φ ∗ (X ⊗ Φ) = q−sE (φ ◦ Φ),
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where φ ◦ Φ is the left action on φ via convolution. As in [GPSR97],
define the support ideal as follows:
Isupp(χs) =
{
Φ ∈ AHn−ℓ | J∗ψℓ,κ(χs) ∗ Φ ⊆ Λ
}
,
where Λ is the smooth representation of Hn−ℓ(F ) consisting of func-
tions in Π(χs) supported in the open double cosets Pjǫ0,1ηRℓ,w0. More
precisely, by Proposition 4.2 and 4.3, the smooth representation Λ can
be realized via the following isomorphisms:
Λ ∼= indHn−ℓ(F )P ′1,ℓ(F ) (| det |
− ℓ
2
+s
E τ(ℓ) ⊗ σw
ℓ
b)
if ν is inert over E; and
Λ ∼= indGLm−2j+1(F )GLm−2j (F ) (σ)
if ν is split over E. Here we use the assumption that j = ℓ+ 1.
First we consider the case when ℓ = 0, which implies that j = ℓ+1 =
1. In the case, the twisted Jacquet functor is just the restriction to the
subgroup Hn(F ) of Gn(F ). By restricting to the subgroup Hn(F ), the
induced representation
Π = IndGnP1 (| · |sEχ⊗ σ)
decomposes via an exact sequence of Hn(F )-modules, according to
Proposition 4.2.
If ν is inert over E, the case is similar to [GPSR97] and we have
0→ IndHnGn−1(σ)→ Jψ0,κ(Π)→ IndHnP ′1 (|t|
1
2
+s
E χ⊗ Jψ′0,κ(σ))→ 0.
If ν is split over E, more explanation is needed. The double coset
decomposition
P1,m−2,1\GLm/Hn
has 6 representatives for m > 2, which are denoted by γi for 1 ≤ i ≤ 6.
Let P1,m−2,1γ1Hn be the open orbit, and P1,m−2,1γiHn for i = 2 or i = 3
be the orbits with the greatest dimension in those orbits except the
open orbit. Using Proposition 4.3 repeatedly, we have
0→ indGLm−1GLm−2(σ)→ Ω→ Σ→ 0,
where
(4.11) Ω := {f ∈ Π | supp(f) ⊆ ∪3i=1P1,m−2,1γiHn},
and
Σ := IndHnP1,m−2(| · |
1
2
+sΘ⊗ σ[0])⊕ IndHnPm−2,1(σ[0] ⊗ | · |−
1
2
−sΞ−1).
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Lemma 4.4. Assume that ℓ = 0 and j = ℓ+ 1 = 1. The support ideal
Isupp(χs) contains
Φ0 =
∏
i
(1− q−
1
2
E χ(̟)XXi)(1− q
− 1
2
E χ(̟)XX
−1
i )
if ν is inert over E, and
Φ0 =
∏
i
(1− q−
1
2
E Θ(̟)XXi)(1− q
− 1
2
E Ξ(̟)XX
−1
i )
if ν is split over E.
Proof. The proof follows the same argument used in [GPSR97, §2,
Lemma 2.1], which uses the Satake Isomorphism for F -quasisplit clas-
sical groups and the definition of the support ideal Isupp(χs). We omit
the details here. 
Next, we deal with the general case with j = ℓ + 1 for the relation
between Hn−ℓ and Gn−ℓ.
If ν is inert over E, by Proposition 4.2, we have the exact sequence
of Hn−ℓ(E) modules for j = ℓ + 1,
0→ indHn−ℓP ′′1 | · |
s− ℓ
2
E τ(ℓ) ⊗ σw
ℓ
q → Πǫ0,1ηǫ,Im−2ℓ → Y → 0
where
Y := indHn−ℓP ′1 | · |
1−ℓ
2
+s
E τ
(ℓ) ⊗ Jψ′0,κ(σw
ℓ
q),
and Πǫ0,1ηǫ,Im−2ℓ is the smooth representation ofHn−ℓ consisting of func-
tions in π(χs) which are supported in Pjǫ0,1ηǫ,Im−2ℓNℓGn−ℓ. Recall that
τ (ℓ) is the ℓ-th Bernstein-Zelevinski derivative of τ , which is a repre-
sentation of GL1(E). Up to semi-simplification,
τ (ℓ) = ⊕ji=1χi ⊗ | · |
ℓ
2
E ,
and then Y ≡ ⊕ji=1indHn−ℓP ′1 | det |
1
2
+s
E χi ⊗ Jψ′0,κ(σw
ℓ
q).
If ν is split, we apply Proposition 4.3 repeatedly and obtain the exact
sequence
0→ indGLm−2ℓ−1GLm−2j σ(0) → Ω→ U → 0,
where U is defined to be the following representation
Ind
GLm−2ℓ−1
P1,m−2j
(| det | 1−ℓ2 +s(τ1)(ℓ) ⊗ σ)⊕ IndGLm−2ℓ−1P1,m−2j (σ ⊗ | det |
ℓ−1
2
−s(τ ∗2 )
[ℓ])
and Ω is defined in (4.11) consisting of functions supported in the first
greatest orbits. In this case, we have, up to semi-simplification,
τ
(ℓ)
1 = ⊕ji=1Θi ⊗ | · |
ℓ
2 and (τ ∗2 )
[ℓ] = ⊕ji=1Ξ−1i ⊗ | · |−
ℓ
2 .
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Note that Φ ∈ Isupp(χs) if and only if Φ annihilates all the boundary
components of Jψℓ,κ(Π), that is, all the summands in Proposition 4.2
and Proposition 4.3 except the space ind
Hn−ℓ
P ′1,ℓ
(| det |−
ℓ
2
+s
E τ(ℓ) ⊗ σw
ℓ
b) and
the space ind
GLm−2ℓ−1
GLm−2j
σ, respectively. It is sufficient to annihilate the
quotients in Πǫ0,1 and Ω.
In order to annihilate KH -fixed vectors in the space
⊕ji=1indHn−ℓP ′1 (| det |
1
2
+s
E χi ⊗ Jψ′0,κ(σw
ℓ
b))
if ν is inert, and in the space
⊕ji=1IndGLm−2ℓ−1P1,m−2j (| · |
1
2
+sΘi ⊕ | · |− 12−sΞ−1i )⊗ σ
(up to isomorphism) if ν is split, as in Lemma 4.4, we may take the
following specific element in AHn−ℓ ,
(4.12)
Φ0 =
{∏j
i=1
∏m˜H
i′=1(1− q
− 1
2
E χiXXi′)(1− q
− 1
2
E χiXX
−1
i′ ) if ν is inert,∏j
i=1
∏m−2ℓ−1
i′=1 (1− q
− 1
2
E ΘiXXi′)(1− q
− 1
2
E ΞiXX
−1
i′ ) if ν is split,
which is an element of the support ideal Isupp(χs). In addition, all
the other boundary components of the Jacquet module Jψℓ,κ(χs) are of
form
ind
Hn−ℓ
P ′
β
(| det |
1−t
2
+s
E τ
(t) ⊗ σ′)
if ν is inert, and of form
ind
GLm−2ℓ−1
Pβ,m−2ℓ−1−β
(| det | 1−t2 +sΞτ ⊗ σ′)
or
ind
GLm−2ℓ−1
Pm−2ℓ−1−β,β
(σ′ ⊗ | det |− 1−t2 −sΘτ )
if ν is split, where σ′ is a suitable representation independent of s, more
details of which can be found in Proposition 4.2 and Proposition 4.3.
It is easy to check that Φ0 also annihilates KH -fixed vectors in those
boundary components.
Proposition 4.5. With Φ0 ∈ Isupp(χs) as chosen above, the following
identity holds:
(4.13) Zν(s, fχ ∗ Φ0, fµ, ψℓ,κ) = Q(χs, µ) · Zν(s, fχ, fµ, ψℓ,κ)
where Q(χs, µ) is defined to be
j∏
i=1
m˜H∏
i′=1
(1− q−
1
2
−s
E χiµi′)(1− q
− 1
2
−s
E χiµ
−1
i′ )
46 DIHUA JIANG AND LEI ZHANG
if ν is inert, and to be
j∏
i=1
m−2ℓ−1∏
i′=1
(1− q−
1
2
−s
E Θiµi′)(1− q
− 1
2
−s
E Ξiµ
−1
i′ )
if ν is split. Moreover, Zν(s, fχs ∗Φ0, fµ, ψℓ,κ) is a polynomial function
of parameters χτ and in q
−s
E .
Proof. The proof is similar to the proof of Theorem 5.1 in [GPSR97].
In fact, J (fχs∗Φ0)(h), as defined in Section 4.1, belongs to the space Λ,
which is independent of the choice of σ. Also J (fχs ∗Φ0)(h) is analytic
in s because of the support of J (fχs ∗ Φ0). The local zeta integral is
equal to the pairing the function J (fχs ∗Φ0)(h) with a Bessel function
as in (4.3), and is absolutely convergent for all s. Hence the zeta
function Zν(s, fχs ∗Φ0, fµ, ψℓ,κ) is a polynomial function of qsE and q−sE
for all choice of π and all s. 
Remark that the proof of this proposition only uses the genericity
of τ , which is true because τ is the unramified local component of the
corresponding irreducible automorphic representation of GLj(AE) as
given in (2.13). Hence it holds for all choices χσ and µ, and therefore,
for all irreducible unramified representations σ and π.
Following the definition of the unramified local tensor product L-
functions as in (4.5) and (4.6), and Proposition 4.5, one must have the
following identity:
Q(χs, µ) =
{
L−1(1
2
+ s, τ × π)d(χτ , s) if ν is inert,
L−1(1
2
+ s, τ × π) if ν is split.
where
d(χτ , s) =
{∏j
i=1(1− q
− 1
2
−s
E χi)
−1 if m is even and ν is inert;
1 otherwise.
Note that d(χi, s) = (1 − q−
1
2
−s
E χi)
−1. Thus, based on the calculation
of Q(χs, µ), we have a unique choice of P (χs, µ).
4.5. Calculation of P (χs, µ). In this section, we will first calculate
the numerator P (χs, µ) when Π and π are generic spherical, and then
extend the results to general case by Density Principle in Appendix IV
to [GPSR97, Section 5].
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Choose suitable functions ϕ1 ∈ S(Gn) and ϕ2 ∈ S(Hn−ℓ) such that
fχs(g) =
∫
B
ϕ1(bg)χ
−1
s δ
1
2
B(b) dlb,
fµ(g) =
∫
BH
ϕ2(bg)µ
−1δ
1
2
BH
(b) dlb,
where dlb is the left invariant Haar measure on Borel subgroups. Then
we define a linear functional in the hom space (4.2),
T (fχs, fµ) :=
∫
Rℓ,κ
fχs(ǫ0,1ηnm)fµ(m)ψℓ,κ(n) dn dm.
Remark that properties of T are studied in [K08] when ν is inert.
Lemma 4.6.
Zν(s, fχs, fµ, ψℓ,κ) = T (fχs, fµ).
Proof. For all unramified places, the proof is similar to the orthogonal
case as Theorem (A) in Appendix I to [GPSR97, Chapter 5]. 
Case ℓ = 0: First of all, we consider the case ℓ = 0, and hence
j = 1. The Bessel period is also studied by Gan, Gross, and Prasad in
[GGP12]. Referring to [Har12, Proposition 2.5], we have the following
inductive formula
T (fχ1⊗χσ , fµ) =
L(1
2
, χ1 × π)
L(1, χ1 × σ)L(1, ξmE/F ⊗ χ1)
T (fµ, fχσ)
if ν is inert, and
T (fχ1⊗χσ , fµ) =
L(1
2
,Θ1 × π)L(12 ,Ξ1 × π˜)
L(1,Θ1 × σ˜)L(1,Ξ1 × σ)L(1,Θ1Ξ1)
if ν is inert, for any quasi-character χ1. Correspondingly, one has
Q(χ1 ⊗ χσ, µ) =
{
[L
(
1
2
, χ1 × π
)
d(χ1)]
−1 if ν is inert,
[L(1
2
,Θ1 × π)L(12 ,Ξ1 × π˜)]−1 if ν is split.
which is the same as the result of Proposition 4.5. Hence one has
(4.14) P (χ1 ⊗ χσ, µ) = d(χ1)
L(1, χ1 × σ)L(1, χ1 ⊗ ξmE/F )
T (µ, χσ).
Note that P (χ1 ⊗ χσ, µ) is a polynomial function of the parameter χ1,
and L(1, χ1⊗ ξmE/F ) = L(1,Θ1⊗Ξ1). A comment with the notation χ1
is in order. The above discussion holds for all quasi-characters χ1 and
hence the variable s is carried by this character χ1 here.
General Case ℓ > 0: In the discussion below, we also assume that
χ is a general quasi-character, i.e. we take χ to be χs here, since the
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proof works for any quasi-character χ. Hence in the discussion, there
will be no variable s. However, the variable s will be put back to the
final formula.
Let ω be an element of Weyl group W (Hn−ℓ) and Iω be the inter-
twining operator mapping Π(χ) to Π(ωχ). By the uniqueness of Bessel
model, we have a local gamma factor γω(χ, γ) defined by
T (Iω(fχ), fµ) = γω(χ, µ)T (fχ, fµ).
Note that the definition of γω is independent with non-trivial choice of
T . In order to calculate the general case ℓ > 0. We need to calculate
the local gamma factor γω.
When ν is inert, let {βi | 1 ≤ i ≤ m˜} be a set of simple roots of Gn.
Then the sets {βi | 1 ≤ i ≤ ℓ} and {βi | ℓ+ 2 ≤ i ≤ m˜} are also sets of
simple roots of GLℓ+1(E) and H(Wℓ+1) respectively.
When ν is split, let {βi | 1 ≤ i ≤ m− 1} be a set of simple roots of
GLm. Recall that Pℓ+1,m−2ℓ−2,ℓ+1 is a standard parabolic subgroup of
GLm with the Levi subgroup GLℓ+1×GLm−2ℓ−2×GLℓ+1. Then the set
{βi | 1 ≤ i ≤ ℓ} and {βi | m− ℓ ≤ i ≤ m− 1} are sets of simple roots
of the general linear groups of the Levi subgroup, and {βi | ℓ + 2 ≤
i ≤ m − ℓ − 2} is the set of simple roots of the subgroup GLm−2ℓ−2
of the Levi subgroup. Let ωi be the simple reflection corresponding to
the simple root βi.
Lemma 4.7. If ν is inert, then
γωi(χ, µ) =
{
1−χi+1χ−1i q−1E
1−χiχ−1i+1
if 1 ≤ i ≤ ℓ,
γωi(χℓ+1 ⊗ χσ, µ) if ℓ+ 1 ≤ i ≤ m˜.
If ν is split, then the gamma factor γωi(χ, µ) is equal to{
1−χi+1χ−1i q−1E
1−χiχ−1i+1
if 1 ≤ i ≤ ℓ or m− ℓ ≤ i ≤ m,
γωi(χℓ+1 ⊗ χσ ⊗ χm−ℓ, µ) if ℓ+ 1 ≤ i ≤ m− ℓ− 1.
Proof. Khoury proved the inert case in [K08, Proposition 11.1]. For
the split case, the proof is given in [Z12]. 
Now, we normalize the numerator P (χ, µ) by
P ∗(χ, µ) =
ζ(χ, 1)T (µ, χσ)
P (χ, µ)
.
Note that T (µ, χσ) is the pairing for π(µ) and σ.
Following [CS80] and [Sh10, Section 3.5], the functions ζ(χ, t) can
be defined as follows. When ν is inert, if m is even, ζ(χ, t) is defined
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by ∏
1≤i1<i2≤m˜
(1− χi1χ−1i2 q−t)(1− χi1χi2q−t) ·
∏
1≤i≤m˜
(1− χiq−tF );
and if m is odd, ζ(χ, t) is defined by∏
1≤i1<i2≤m˜
(1− χi1χ−1i2 q−t)(1− χi1χi2q−t) ·
∏
1≤i≤m˜
(1 + χiq
−t
F )(1− χiq−t).
When ν is split, ζ(χ, t) =
∏
1≤i1<i2≤m(1−χi1χ−1i2 q−t). Note that q = qE
in the above formulas, in order to simplify the notation. In addition,
if m˜ = 1, ζ(χ, t) = 1 for all cases. Remark that ζ(χ, t) is the zeta
polynomial function associated to Gn as in [GPSR97, Page 157].
For the case ℓ = 0, according to (4.14), we have
(4.15) P ∗(χ1 ⊗ χσ, µ) = ζ(χσ, 1)
d(χ1)
,
where ζ(χσ, 1) is the zeta polynomial function associated with Hn, as
in [GPSR97, Page 157].
Corollary 4.8. If 1 ≤ i ≤ ℓ, or m − ℓ ≤ i ≤ m − 1 when ν is split,
then
P ∗(ωiχ, µ) = P ∗(χ, µ).
If i = ℓ+1 when ν is inert, or i = ℓ+1 or m− ℓ−1 when ν is split,
then
P ∗(χ, µ)
P ∗(ωiχ, µ)
=
ζ(χσ, 1)d(χi)
ζ(χσ′, 1)d(χi+1)
.
where χσ′ = χℓ+1 ⊗ χℓ+3 ⊗ · · · ⊗ χm˜ when i = ℓ1 and ν is inert, and
χσ′ = χℓ+1 ⊗ χℓ+3 ⊗ · · · ⊗ χm−ℓ−1 when i = ℓ and ν is split, and
χσ′ = χℓ+2 ⊗ · · · ⊗ χm−ℓ−2 ⊗ χm−ℓ.
If ℓ+ 1 < i ≤ m˜ when ν is inert or ℓ+ 2 ≤ i ≤ m− ℓ− 2 when ν is
split, then
P ∗(χ, µ)
P ∗(ωiχ, µ)
=
ζ(χσ, 1)
ζ((ωχ)σ, 1)
.
Proof. The proof is a straightforward calculation by Lemma 4.7. 
By Corollary 4.8,
P ∗(χ, µ)d(χτ)
ζ(χσ, 1)
is invariant under the action of the Weyl group W (Gn) on χ. In the
rest of this section, we will show that the quotient above is equal to
one, i.e.
(4.16) P ∗(χ, µ) =
ζ(χσ, 1)
d(χτ )
.
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Let T0(χ, µ) = T (f
0
χ, fµ), where
f 0χ(g) =
∫
B
1B(o)ωGnB(o)(bg)χ
−1δ
1
2
B(b) dlb
ωGn is the longest Weyl element in Gn, and 1B(o)wGnB(o) is the character-
istic function over B(o)wGnB(o) and also is an Iwahori-fixed function.
Lemma 4.9.
T0(χ, µ) = T0(χ|Hn−ℓ , µ).
Proof. The proof is similar to Proposition 8.1 in [GPSR97]. 
By Appendix to §6 in [GPSR97], we have the following expansion,
T (χ, µ) =
∑
ω∈W (Gn)
γω(ω
−1χ, µ)
cω(ω−1χ)
cωGn (ω
−1χ)T0(ω−1χ, µ),
where cω(ω
−1χ) is the Harish-Chandra c-function of the intertwining
operator associated to the Weyl group element ω. In this formula, by
replacing γω(ω
−1χ, µ) by the following expression:
γω(ω
−1χ, µ) =
T (χ, µ)cω(ω
−1χ)
T (ω−1χ, µ)
,
canceling both sides the factor T (χ, µ), and replacing T (ω−1χ, µ) by
T (ω−1χ, µ) =
P (ω−1χ, µ)
Q(ω−1χ, µ)
,
we obtain the following expression:
1 =
∑
ω∈W (Gn)
Q(ω−1χ, µ)
P (ω−1χ, µ)
cωGn (ω
−1χ)T0(ω−1χ, µ)
=
∑
ω∈W (Gn)
cωGn (ω
−1χ)
ζ(ω−1χ, 1)
Q(ω−1χ, µ)P ∗(ω−1χ, µ)
T0(ω
−1χ, µ)
T (µ, (ω−1χ)σ)
.
Define
∆(χ) = q〈̺,χ〉ζ(χ, 0) =
m˜∏
i=1
χ
−(m+1
2
−i)
i ζ(χ, 0),
where ̺ is the half of the sum of all positive roots. Then it follows that
∆(ωχ) = sgn(ω)∆(χ). Note that cωGn (χ) = ζ(χ, 1)ζ
−1(χ, 0). It follows
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that ∆(χ) can be expressed as follows:
∑
ω∈W (Gn)
sgn(ω)q〈̺,ω−1χ〉Q(ω−1χ, µ)P ∗(ω−1χ, µ) T0(ω
−1χ, µ)
T (µ, (ω−1χ)σ)
(4.17)
=
P ∗(χ, µ)d(χτ)
ζ(χσ, 1)
∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉Q(ωχ, µ)
T0(ωχ, µ)ζ((ωχ)σ, 1)
T (µ, (ωχ)σ)d((ωχ)τ)
.
In order to prove Equation (4.16), it is sufficient to show the following
Lemma, which is similar to the orthogonal case ([GPSR97, Lemma
6.3]).
Lemma 4.10.
(4.18)
∆(χ) =
∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉Q(ωχ, µ)
T0((ωχ)|Hn−ℓ, µ)ζ((ωχ)σ, 1)
T (µ, (ωχ)σ)d((ωχ)τ)
.
Proof. We only give a proof for the inert case. For the split case, the
proof is similar and we omit details here.
First, by Equation (4.15), this identity holds for ℓ = 0.
Next, we consider the general cases ℓ > 0. Since the terms ζ(χσ, 1),
Q(χ, µ), d(χτ ), T0(χ|Hn−ℓ , µ) and T (µ, (ωχ)σ) are invariant under the
action of the Weyl groupW (GLℓ+1), we have the right hand side of the
identity,
RHS =
∑
ω∈W (GLℓ)×W (Gn−ℓ)\W (Gn)
Σω1(ω) · Σω2(ω) · q〈̺Uℓ ,ωχ〉sgn(ω).
where
Σω1(ω) :=
∑
ω1∈W (GLℓ)
sgn(ω1)q
〈̺GLℓ ,ω1ωχ〉,
and
Σω2(ω) :=
∑
ω2∈W (Gn−ℓ)
sgn(ω2)q
〈̺Gn−ℓ ,ω2ωχ〉Q(ω2ωχ, µ)
·T0((ω2ωχ)|Hn−ℓ, µ)ζ((ω2ωχ)σ, 1)
T (µ, (ω2ωχ)σ)d((ω2ωχ)τ )
.
Decompose as Q(χ, µ) = Q1(χ, µ)Q(χℓ+1 ⊗ χσ, µ), where
Q1(χ, µ) =
ℓ∏
i=1
m˜L∏
i′=1
(1− q− 12χiµi′)(1− q− 12χiµ−1i′ )
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and
Q(χℓ+1 ⊗ χσ, µ) =
m˜L∏
i′=1
(1− q− 12χℓ+1µi′)(1− q− 12χℓ+1µ−1i′ ).
Thus, Q(ω2χ, µ) = Q1(χ, µ)Q(ω2(χℓ+1 ⊗ χσ), µ) for ω2 ∈ W (Gn−ℓ).
Define ωχ = χ(1) ⊗ χ(2), where χ(1) = ωχ|GLℓ and χ(2) = ωχ|Gn−ℓ.
Note that 〈
̺Hn−ℓ , ω2ωχ
〉
=
〈
̺Hn−ℓ , ω2χ
(2)
〉
,
ζ((ω2ωχ)σ, 1) = ζ((ω2χ
(2))σ, 1),
and
d((ω2ωχ)τ ) =d((ω2χ
(2))ℓ+1)
ℓ∏
i=1
(1− q−1χi(̟E))
=d((ω2χ
(2))ℓ+1)d((ωχ)τ)d
−1((ωχ)ℓ+1).
Consider the summation
Σω2(ω) =Q1(ωχ, µ)
d((ωχ)ℓ+1)
d((ωχ)τ)
·
∑
ω2∈W (Gn−ℓ)
sgn(ω2)q
〈̺Gn−ℓ ,ω2χ2〉Q(ω2χ(2), µ)
· T0(w2χ
(2), µ)ζ((ω2χ
(2))σ, 1)
T (µ, ω2χ(2))d((ω2χ(2))ℓ+1)
=Q1(ωχ, µ)
d((ωχ)ℓ+1)
d((ωχ)τ)
·∆Hn−ℓ(χ(2)).
The last identity holds by the case ℓ = 0. Note that χ(2) = ωχ|Gn−ℓ
Now, by replacing Σω2(ω) by the expression above, the right hand
side of (4.18) reduces to
RHS =
∑
ω∈W (GLℓ)×W (Gn−ℓ)\W (Gn)
Σω1(ω)
·Q1(ωχ, µ)d((ωχ)ℓ+1)
d((ωχ)τ)
·∆Hn−ℓ(χ(2))sgn(ω)q〈̺Uℓ ,ωχ〉.
By using the definition of Σω1(ω) and the definition of ∆Hn−ℓ(χ
(2)), and
then by collapsing the three summations
∑
ω,
∑
ω1
and
∑
ω2
, we obtain
that
RHS =
∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉Q1(ωχ, µ)
d((ωχ)ℓ+1)
d((ωχ)τ)
.
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Recall that
Q1(χ, µ)
d((χ)ℓ+1)
d((χ)τ )
=
ℓ∏
i=1
m˜H∏
i′=1
(1− q− 12χiµi′)(1− q− 12χiµ−1i′ ).
Then
RHS =
∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉
+
∑
~n
c~n
∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉
ℓ∏
i=1
χnii ,
where ~n = (n1, n2, . . . , nℓ) with ni ∈ {0, 1, 2} such that at least one ni
is nonzero, and c~n is the coefficient depending only on µ. Also note
that
q〈̺,χ〉
ℓ∏
i=1
χnii =
m˜∏
i=1
χ
−(m+1
2
−i−ni)
i ,
where ni = 0 if i > ℓ. Thus, it is sufficient to show that∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉
ℓ∏
i=1
(ωχ)nii = 0.
Since
∑ℓ
i=1 ni 6= 0, ℓ > 0 and m˜− ℓ− 1 ≥ 1, there exist at least two
distinct integers i and i′ with i < i′ such that m+1
2
−i−ni = m+12 −i′−ni′ .
Let i0 be the maximal integer such that i0 + ni0 = i
′
0 + ni′0 . Consider
the Weyl group W (Gn) as the subgroup of the permutation group on
χi and χ
−1
i for 1 ≤ i ≤ m˜. Then, define a Weyl element ω′ by the
following rules: ω′ permutes χi0 and χi′0 , and fixes χi for the rest i.
Hence, sgn(ω′) = −1 and ω′ fixes ∏m˜i=1 χ−(m+12 −i−ni)i . Let W (Gn)~n be
the stabilizer of W (Gn) acting on q
〈̺,ωχ〉∏ℓ
i=1 χ
ni
i . By sgn(ω
′) = −1
and ω′ ∈ W (Gn)~n, we have the restriction of sgn on W (Gn)~n is not
trivial.
Therefore,
∑
ω∈W (Gn)
sgn(ω)q〈̺,ωχ〉
ℓ∏
i
(ωχ)nii
=
∑
ω∈W (Gn)
q〈̺,ωχ〉
ℓ∏
i
(ωχ)nii
∑
ω′∈W (Gn)~n
sgn(ωω′)
=0.

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Comparing (4.17) and (4.18), we can get the identity (4.16). Hence,
after replacing back χs for χ, we obtain the following formulas
(4.19) P (χs, µ) =
d((χs)τ )ζ((χs)τ , 1)
L(s + 1, τ × σ)L(2s+ 1, τ, Asai⊗ ξmE/F )
T (µ, χσ)
if ν is inert, and
(4.20) P (χs, µ) =
ζ((χs)τ1 , 1)ζ((χs)τ2 , 1)
L(s+ 1, τ1 × σ˜)L(s+ 1, τ2 × σ)L(2s+ 1, τ1 × τ2)
if ν is split. Note that (χs)τ denotes the quasi-character which is the
restriction of the quasi-character χs to the τ -part of the torus.
It is important to point out that from the beginning of this section up
to this point, we assume that Π(χs) and π(µ) are generic and spherical.
The following theorem extends the above results to general spherical
Π(χs) and π(µ).
Theorem 4.11. For all choices of χ and µ, the following identity holds:
Zν(s, fχ, fµ, ψℓ,κ) =(4.21)
L(s+ 1
2
, τ × π)
L(s + 1, τ × σ)L(2s+ 1, τ, Asai⊗ ξmE/F )
〈fµ, fσ〉σ ζ(χτ , 1),
where 〈fµ, fσ〉σ and ζ(χτ , 1) are independent of s. Moreover, if we
normalize Wj so that Wj(fχ)(e) = 1, then
Zν(s, fχ, fµ, ψℓ,κ) =(4.22)
L(s+ 1
2
, τ × π)
L(s+ 1, τ × σ)L(2s+ 1, τ, Asai⊗ ξmE/F )
〈fµ, fσ〉σ ,
Proof. This proof is similar to Theorem 5.2 in [GPSR97]. By Proposi-
tion 4.5, it is sufficient to show that
Zν(s, fχ ∗ Φ0, fµ, ψℓ,κ) = P (χ, µ)
holds for all choices of χ and µ.
Define
f ∗



g h
g∗

uǫ0,1ηnk

 = τ(g)fτ | det g|sEδ 12Pjσ(h)fσ,
where g ∈ ResE/F (GLj), h ∈ Gn−j, u ∈ Uj , n ∈ Uℓ(o) and k ∈ KH .
Recall that fτ and fσ are the unramified spherical vectors in τ and σ. In
addition, we assume that supp(f ∗) = Pjǫ0,1ηRℓ(o). Then f ∗ is in Λ and
supp(f ∗) ⊆ Gn−jKH . Since J (f ∗)(e) =Wj(f ∗)(ǫ0,1η) = ζ(χτ , 1)fσ, we
obtain
Z(s, f ∗, fµ, ψℓ,κ) = ζ(χτ , 1) 〈fµ, fσ〉σ .
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Define
f ♯ = fχ ∗ Φ0 − d(χτ )
L(s+ 1, τν × σν)L(2s + 1, τν , Asai⊗ ξmE/F )
f ∗.
By (4.19) and (4.20), if χ and µ are in general position and s is in a
dense open set, then
Zν(s, f ♯, fµ, ψℓ,κ) = 0.
By the same argument, one can extend the Density Principle in Ap-
pendix IV to [GPSR97, Section 5] to the unitary group case, which
implies that J (f ♯)(g) = 0 for all choices of χ, µ and s. Therefore, we
obtain the following identity
Zν(s, fχ ∗ Φ0, fµ, ψℓ,κ) = Zν(s, f ∗, fµ, ψℓ,κ) = P (χ, µ),
for all choices of χ, µ and s. 
This completes the proof of Theorem 3.9, which is the key result
for unramified local zeta integrals. With Theorems 3.8 and 4.11, we
have the following main global result of this paper for j = ℓ + 1. In
this case, (Hn−j+1, Gn−j) is a spherical pair, and the Bessel period
Pψ−1β−1,y−κ (ϕπ, ϕσ) reduces to a spherical Bessel period.
Theorem 4.12 (Main). Assume that j = ℓ + 1. Let E(φτ⊗σ, s) be
the Eisenstein series on Gn(A) as in (2.15) and let π be an irreducible
cuspidal automorphic representation of Hn−ℓ(A). Assume that the real
part of s, Re(s), is large, and that π and σ have a non-zero spheri-
cal Bessel period. Then the global zeta integral Z(s, φτ⊗σ, ϕπ, ψℓ,w0) is
eulerian, and is equal to
cπ,σZS(s, φτ⊗σ, ϕπ, ψℓ,w0)
LS(s+ 1
2
, π × τ)
LS(s+ 1, σ × τ)LS(2s+ 1, τ, Asai⊗ ξmE/F )
,
where cπ,σ is a constant depending on the Bessel period of π and σ and
on other normalization constants, but independent of s, and
ZS(s, φτ⊗σ, ϕπ, ψℓ,w0) =
∏
v∈S
Zv(s, φτ⊗σ, ϕπ, ψℓ,w0)
is the finite product of ramified local zeta integrals.
It is clear that Theorem 4.12 extends the main result of [GPSR97]
to the generality considered in this paper. Note that when π is an irre-
ducible cuspidal automorphic representation of SO2(n−ℓ)+1(A), one has
to replace the complex representation Asai⊗ξmE/F by the corresponding
exterior square representation ∧2; and when π is an irreducible cuspi-
dal automorphic representation of SO2(n−ℓ)(A), one has to replace the
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complex representation Asai ⊗ ξmE/F by the corresponding symmetric
square representation Sym2.
There is a standard method to prove from this global identity that
the partial L-functions LS(s+ 1
2
, π× τ) has meromorphic continuation
to the whole complex plane. It is more important to develop the local
theory which extends the partial L-function to the complete L-function
in this setting and hence to prove the functional equation and other
analytic properties of the complete L-functions of this type. This is
our on-going project and will be reported in our future work.
5. Final Remark
We remark that the proof of Theorem works for replacing the single
variable s by a multi-variable (s1, s2, · · · , sr), and hence the resulting
global zeta integral represents the following product of tensor product
L-functions
LS(s1, π × τ1)LS(s2, π × τ2) · · ·LS(sr, π × τr).
We will come back to this in our future work.
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